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SUMMARY 
The surface boundary layer of the buoyancy driven atmospheric vortex was 
simulated in a laboratory model, and a quantitative description of the boundary 
layer was obtained. A la ige vortex generator , eight feet in diameter by sixteen 
feet tal l , was constructed to simulate the boundary layer . The vortex was driven 
by a variable speed fan mounted in the top. Circulation was imparted to the flow 
by adjustable vert ical ly mounted vanes around the circumference. A table mounted 
horizontally in the lower half of the vortex generator formed the boundary surface. 
Mean velocity profiles were measured by a V-probe hot wire anemometer designed 
and built for the purpose. The tangential velocity profile was well developed, and 
demonstrated s imilar i ty . The radial velocity profile developed fully over one-
fourth of the plate radius ; s imilar i ty was shown not to exist . A Pres ton tube was 
used to measure the surface shear , from which empirical shear laws were derived. 
A momentum integral analysis of the data was performed; but measured, local 





d Local plate diameter 
Pres ton tube diameter 
D Plate diameter 
E Voltage 
g Gravity accelerat icn 
Gr Grashof number 
h Convection heat t ransfer coefficient 
I Current 
k Thermal conductivity 
L Reference length 
Nu Nusselt number 
p P r e s s u r e 
P r Prandtl number 
q Heat t ransfer 
Q Radial volumetric flow ra te 
r Radial coordinate position 
R Plate radius 
Resis tance 
Re Reynolds number 
Appendix D contains a separate supplemental nomenclature section for 





V Velocity magnitude 
x Horizontal coordinate position 
y Horizontal coordinate position 
z Vertical coordinate position above plate 
GREEK SYMBOLS 
Temperature coefficient of res is tance 
r F r e e s t r eam circulation 
Boundary layer thickness 
6* Velocity displacement thickness 
A Difference 
£ Hot wire conduction heat loss fraction 
Non-dimensional wire length 
8 Excess hot wire temperature 
\x Dynamic viscosity 
V Kinematic viscosity 
4 Hot wire damping coefficient 
p Density 
Resist ivity 
a Stefan-Boltzmann constant 
xvii 
r Shear stress 
Time constant 
<£> Velocity direction, angle in the horizontal plane between the plate 
radius and the velocity vector 




® Vector c ro s s product 
SUBSCRIPTS 
f Fi lm 








z Vert ical 
Perpendicular 







Relevance of Work 
This research contributes to the quantitative description of the buoyancy-
driven atmospheric vortices such as fire whirls, tornados, dust devils, and water-
spouts. It is designed to ultimately help predict the occurrence and strength of 
storm wind disasters, and it may help to design tornado resistant structures. 
Objective 
The primary objective of this research is to provide a quantitative descrip-
tion of the vortex ground boundary layer by measuring velocity profiles and surface 
shear. This knowledge in turn wall contribute to the prediction of storm wind 
disasters in terms of atmospheric lapse rate and circulation, and to the design 
cr i ter ia of storm resistant structures. 
The ground boundary layer of the quasi-steady state, buoyancy-driven atmos-
pheric vortex supplies the mass to the core and oxygen to the fire whirl, it causes 
the ground destruction, and it produces most of the vorticity. 
Originally, when this work was proposed in 1969 by Dr. Wolfgang Wulff at 
the Georgia Institute of Technology, the quantitative description of the ground boun-
dary layer did not exist. Laboratory simulation seemed to be necessary to obtain 
the desired description. This research was proposed to the National Science 
2 
Foundation and funded. In January, 1970, Ying and Chang (23) published mean 
velocity profiles measured in a model tornado boundary layer. Consequently, the 
emphasis of this thesis then shifted to checking Ying and Chang's results and 
measuring the surface shear stress to verify the laws used by Rott and Lewellen 
(20) in their momentum integral analysis of the boundary layer. Later in the 
research, because of the existence of measured freestream radial velocity, the 
Rott and Lewellen laws were replaced by the momentum integral equations derived 
by Dr. Wolfgang Wulff to include this velocity. 
A more detailed description of the vortex, the ground boundary layer, the 
thesis background, and the direction of the experiment is in the following sections. 
Description of the Vortex 
The vortex is driven by a strong buoyant force causing vertical axial flow 
in the center of the plume. The buoyant force may be caused for example: by 
combustion in a fire storm, by condensation and sublimation in a cumulus tower in 
tornados, and by ground heated air in a dust devil. 
The fully developed tornado has three main parts, shown in Figure 1: 
1) a strongly rotating plume with a low pressure center and vertical axial flow; 
2) a potential vortex surrounding the core, balancing the radial pressure gradient 
with centrifugal acceleration, and supplying air to both the ground boundary 
layer and the vertical core; and 
3) the ground boundary layer which supplies mass and vorticity to the core. 








Figure 1. Vortex Regions. 
Shear at the ground retards the tangential flow, creating an imbalance of 
radial forces. Air is accelerated into the core, but surface shear also slows the 
radial flow, thus the ground boundary layer forms a "leaky stopper" for air supplied 
at the ground end of the vortex "tube. " This radial inflow in the boundary layer 
supplies mass for the vertical flow in the core. The effect of the boundary layer 
on the strength of the vortex is significant since the axial and azimuthal velocity 
4 
fields in a strongly rotating core a re closely coupled (14). 
Three sources of vorticity may contribute to the vert ical rotating core: 
1) ver t ical circulation originating in the atmosphere as a resu l t of the earthTs 
rotation, not usually significant in tornados; 
2) vorticity from stretching and tilting of vortex l ines, significant when c ros s 
wind accompanies a tornado; 
3) vorticity created by non-symmetr ic pressure-dens i ty variat ions in the hor i -
zontal plane, caused by mixing of hot and cold air m a s s e s . 
The las t two sources deserve more attention. Examine the incompressible , 
constant viscosity, vorticity equation (4, 15) 
^ - = o ) - V u - ^ V p S V p + y v i , (1) 
P 
where oo = V ® u . 
The f irst t e r m on the left hand side i s the mater ia l r a te of change of the 
vorticity with reference to an inert ial ax is . It includes vorticity convection. 
The f irst t e r m on the right hand side i s the vorticity producing stretching 
and tilting of vortex l ines . The significant contribution to a tornado vorticity comes 
when a c r o s s wind c rea tes vorticity l ines in the ground boundary layer . Morton (14) 
showed this effect in Figure 2. 
The second t e r m on the right hand side i s the creat ion of vorticity by density 
and p re s su re var ia t ions . Production of the vorticity depends on the inclination of 
the surfaces of constant p ressu re to the surfaces of constant density. Nielson (15) 
V E R T I C A L 
P L U M E 
HORIZONTAL 
WIND 
Figure 2. Vorticity from Tilting Vortex Lines. 
shows how this mechanism may produce weak vertical vorticity in a fire whirl. 
Vorticity is also produced in this manner when hot and cold weather fronts move 
together. 
The third term on the right hand side is the diffusive transport of vorticity 
to and from the surrounding elements. 
Background and Previous Work 
In 1969 a quantitative description of the turbulent boundary layer of a vortex 
in contact with a stationary flat surface appeared not to exist. 
6 
Mathematical solutions to the Navier-Stokes equations for the laminar 
boundary layer were available, f irst from Boedewadt (21) in 1940, and la ter from 
Schwiderski (22), Kidd, and F a r r i s (8). Rott and Lewellen (20) dealt with the tu r -
bulent boundary layer using the momentum integral equations. Assuming self-
s imi lar velocity profiles and flat plate shear laws they a r r ived at an est imated 
solution of a i r supplied to the core by the boundary layer . They did not allow 
for back flow in their velocity profiles as King and Lewellen (9) had ea r l i e r indi-
cated. Fur ther p rogres s in studying the boundary layer appeared to requi re 
the experimental simulation. 
The importance of the work of Ying and Chang was discussed in the 
objective. 
In 1971 H. L. Kuo (10) published a detailed analysis of the vortex-surface 
boundary layer by solving the Navier-Stokes equations with semi-empir ica l shear 
laws allowing for turbulent flow. His work did not eliminate the need for the exper i -
mental description sought by this thes is . 
Advances Required 
The advances required in this r e s e a r c h a re a quantitative description of the 
vortex-surface turbulent boundary layer , including velocity profiles and surface 
shear s t r e s s . 
Scope 
The scope of this thesis in pursuit of the quantitative description of the 
boundary layer is an experimental and analytical investigation, with emphasis on 
. 
mean velocity profiles, boundary layer thickness, surface shear s tress, and mass 
supply to the core. 
In the experimental investigation the turbulent boundary layer is simulated 
using a large vortex generator. The velocity profiles are measured with a two-
dimensional V-probe hot wire anemometer. The surface shear is measured with 
a Preston tube using PatePs calibration (17). These measurements are made at 
different radii, while varying flow and vorticity characteristics. 
The analytical investigation consists of evaluating the characteristics in 
the momentum integral equations, i .e . the characteristics thicknesses 6*, &*, 9 , 
6 60, and testing their solution. 1 ^ 
The boundary layer equations are tested for similarity, and the empirical 




The purpose of the experimental effort is to obtain a quantitative description 
of the vortex-surface boundary layer. It consists of flow simulation, velocity pro-
file measurement, and surface shear stress measurement. 
Instrumentation and Equipment 
The instrumentation and equipment discussed in this section provide the 
flow generation, velocity profile measurement, and surface shear measurement. 
The Vortex Generator 
The vortex generator, shown in Figures 3 and 4 (construction drawings in 
Appendix A), was constructed to generate the vortex-surf ace turbulent boundary 
layer. It consists of the following major parts. 
1) An overhead 42 inch diameter, 12, 600 cubic feet per minute capacity attic fan, 
with a variable speed direct current, one horsepower motor, drives the vortex. 
2) A cylindrical array of 24 vertical vanes, each 10 inches wide and 12 feet long, 
whose trailing edges form a cylinder of 48 inches in diameter, are hung from 
the ceiling by means of a 55 inch diameter ball bearing which permits the 
synchronous rotation of each vane about a vertical axis near its trailing edge 
through the angle of +75 degrees from the radius. 
3) The working surface, representing the stationary ground below the vortex, is 
Figure 3. Vortex Generator Installed. 
Figure 4. View Into the Vortex Generator from Below the Table 
During Attempted Flow Visualization. 
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a horizontal c lear plexiglass table top, 48 inches in d iameter . The surface, 
positioned four feet above the floor, pe rmi t s visual observation of the vortex 
from below it. Instrumentation is accessible (inserted) from under the table. 
The air is drawn through two wire mesh sc reens surrounding the vanes, 
then through the vanes at the vane angle, then upward tlrrough the fan orifice in the 
ceiling, and out through the fan. During operation a cardboard baffle surrounds the 
vortex generator to increase the vortex stability. It extends from 2-| feet to 9^feet 
above the floor and is positioned three feet from the vortex generator outer rad ius . 
A polyvinyl plastic sheet covers the upper portion of the vortex generator down to 
five feet above the table top to adjust the radial a i r supply to the potential vortex. 
The vortex generator was made large to obtain a fully developed turbulent 
boundary layer over a large par t of the ground rad ius . The charac ter i s t ic dimen-
sions during operation are 
a) the core length to diameter rat io 
I- 20. , 
b) the boundary layer thickness to radius ra t io 
c) and the ra t io of hot wire diameter to boundary layer thickness 
| ~ 0.0002 . 
0 
The boundary layer was assumed to be turbulent for tangential Reynolds 
12 
numoer 
r V 4 - A 
R e B _ t ^ 2 > 1Q4 
t V 
This number is thought to be conservative based on the following consideration. 
Transition to turbulent boundary layer on a rotating disc begins at (21) 
4 
Re « 4 x 10 
Ignoring the effect of radial flow, we see this value corresponds to the two-
dimensional flat plate transition (21) 
Re = — K 3 x 105 , 
x v 
where the distance along the plate, x, corresponds to the circumference, 2 jrr, in 
the tangential flow direction. 
Thus it appears the transition to turbulent flow in the boundary layer will 
occur at 
Re, < 10 . 
t 
4 
The tests in this research will be run at Re > 10 . 
The operating conditions for the vortex generator may be characterized as 
1) angular momentum variations corresponding to a range of tangential Reynolds 
numbers based on the free stream circulation of the potential vortex, 
•p 
r = rv . , 16,000 < Re, = — < 47,000 , 
i op t v 
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2) radial inflow corresponding to the directional change of the intake velocity for 
vane angles of 60. 0 degrees to 75. 0 degrees measured from the radius. 
The final configuration of the vortex generator and its operating range were 
established experimentally. The fan orifice size, the height of the plastic covering, 
and varying screen installations were tested. 
Hot Wire Anemometer 
To measure the two-dimensional time mean velocity profile of the boundary 
layer, an inexpensive, constant temperature, V-probe hot wire anemometer was 
selected, designed, and built. Figures 5, 6, and 7 are pictures of the probe. 
Appendix B contains the schematic wiring diagram in Figure 49 and the details of 
the design, the analysis, the construction, and the calibration of the probe. 
The hot wire anemometer relation between current, velocity, wire tempera-
ture, and ambient temperature occurring when a current heated wire transfers 
heat to an ambient fluid environment is used. 
A balanced Wheatstone bridge gives constant wire temperature. The fluid 
ambient temperature is measured with a mercury thermometer to +0.1 degree. 
The V-probe has two 0. 001 inch diameter wires mounted in a 90 degree nV" 
to operate parallel to the surface in the plane of the two-dimensional velocity field. 
The probe height is adjustable to the nearest 0. 001 inch in a range of 0.200 inch to 
6. 000 inches above the surface. The direction of the velocity is indicated by rotating 
the probe into the velocity vector until the probe direction bridge circuit in Figure 50 
is balanced. The direction bridge is sensitive to +0.5 degree. The velocity magni-
tude is determined by varying the current to balance the Wheatstone bridge 
Figure 5. Vortex Generator Table with the Hot Wire Anemometer 
and the Preston Tube Mounted. 
^ 
Figure 6. Installation of the Hot Wire Anemometer and the Preston Tube 
in the Table Surface. 
<^i 
Figure 7. Hot Wire Probe Tip Close Up. 
Oi 
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(magnitude bridge). The velocity magnitude bridge i s sensitive to 0. 01 foot per 
second. The velocity direction measurement i s not affected by small changes in 
direction bridge current , I, in Figure 50, or by small changes in the velocity. The 
velocity magnitude measurement is insensitive to the probe direction for +5 degrees 
from i ts null position. 
Calibration furnished the most dependable current -veloci ty- temperature 
relat ion. Analysis was used to support the calibration. 
The velocity magnitude of the probe was calibrated on a variable speed ro t a -
ting a rm , shown in Figure 8. The velocity direction was cal ibrated in a small one-
dimensional wind tunnel. Details are given in Appendix B, the resu l t s a re presented 
he re . 
In the calibration, the shunt voltage, which i s related directly to the cur ren t 
in a single wire , i s used instead of the wire cur ren t . The shunt voltage, from the 
analysis in Appendix B, is about 
E - 2 I 
s - w 
Figure 9 i s the plotted data from the velocity magnitude calibration. These 
data were then reduced to a single analyt ical expression for the veloci ty- temperature 
current relat ion. Based on the plotted ambient tempera ture dependence in Figure 10, 
and on the expected heat t ransfer relation expressed in equations (3), (4), and (5); 
the cur ren t was assumed to vary exponentially with the driving potential t empera -
ture difference. T - T , for all velocit ies, that i s 
w oo 
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Figure 8. Hot Wire Anemometer Calibrator. 
00 
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From Figure 10 the average power, n, was calculated to be n = 0. 61. The data of 
Figure 9 were then reduced to an 80 degree ambient temperature for the known 
operating wire temperature, T = 266 degrees, and plotted in Figure 11. The 
w 
results show a single current-velocity calibration curve which was fitted with a 
seventh order polynomial, shown in Figure 11. The calibration data then show a 
maximum scatter of the smaller of 0.4 foot per second or four percent in the velo-
city about the velocity magnitude calibration. 
The probe was designed to have its reference angle point directly into the 
velocity vector when the direction bridge was balanced, but this result was not 
achieved in the construction. The error , called the velocity reference angle, was 
determined from calibration. The results are presented in Figure 12. The velo-
city reference angle was found to be, viv = -2.8 degrees. The direction calibration 
shows the probe sensitive to + 0. 5 degree in measuring the velocity direction. Also 
shown in Figure 12, from Appendix B, is the estimated response of the probe direc-
tion bridge. Further details of this calibration are in Appendix B. 
The analysis of the hot wire response is now presented. The primary heat 
transfer mechanism is convection, giving the relation 
2 2 
I E = 7rr h(T - T ) (3) 
W W W W 
From the analysis in Appendix B the hot wire response is calculated using the follow-
ing empirical convection heat transfer relations for infinite wires: 
SYM RUN AVG T ( D E G F) 
4 4 0 
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Figure 9. Hot Wire Recorded Calibration Data. 
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Figure 10. Hot Wire Ambient Temperature Dependence. 
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Figure 11. Velocity Magnitude Calibration Curve. 
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a) free convection (6) 
Nuf = [ P r f G r f ]
1 2 * 5 , (4) 
-5 
for 10 < P r . G r , < 1 
i i 
b) forced convection (1) 
T , . - ° - 1 7 0.45 
N u f ( — ) = 0.24 + 0 . 5 6 (Ref) , (5) 
oo 
for 0.2 < Re < 44, 
where 
T + T 
W 00 
the film tempera ture T = , (6) 
i z 
the Reynolds number Re = , 
f 
hfd 
the Nusselt number Nu = r — 
(T - T ) „ 
g w co 3 
the Grashof number Gr„ = - z — d , (9) 
f T„ IA 
f f 
j^c 
and the Prandt l number P r f = -^ . (10) 
I k f 
The hot wire response was calculated for convection only, and for convection with 
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Figure 13. Calculated Hot Wire Response and Calibration Comparison, 
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be about two percent of the total heat transfer, so radiation was neglected in the 
final calculations. Figures 13 and 14 present the results of the calculations com-
pared to the calibration. As shown in Figure 13, the conduction end losses are 
significant. The calculated hot wire response may be in error +5 percent in the 
shunt voltage due to 
a) uncertainties in the wire physical and electrical properties, and 
b) simplification of the circuit for the analysis, for example, assuming both the 
wires have the same resistance. 
Within the limitations of the analysis, the calibrated results are well supported. 
Preston Tube 
Available Techniques. The Preston tube was used to measure the wall 
shear s tress, but in its selection the following methods were also considered. 
1) A "floating element" balance (2) measures directly the shear force on an 
isolated element of the boundary surface. This method is presently widely 
used. Its chief advantage is that it gives a direct measurement. Its main 
disadvantages are that air may flow around the edges of the element when used 
in a flow with pressure gradients, and it is susceptible to erratic behavior 
caused by shock and vibration. 
2) A "heated element" (13) works on the principal of Reynolds analogy and measures 
the heat transfer through an element of the boundary surface. This method 
requires constant Prandtl number and a small temperature difference between 
the free stream and the heated element. 
3) The "Stanton tube" (5) used a flat sharp edged tube to measure total pressure 
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in the laminar sublayer next to the boundary surface. The difference between 
this p r e s su re and the static p res su re at the same location yields the skin 
friction. The Stanton tube gives much lower p r e s s u r e differences than the 
Pres ton tube and must be mechanically more p rec i se . 
4) The " razor blade" (sublayer fence) technique (3, 5) uses a " r azo r blade" ex-
tended a few thousandths of an inch above the surface, perpendicular to it and 
perpendicular to the flow in the laminar sublayer next to the surface. The 
skin friction is a function of the difference in static p r e s su re on each side of 
the blade. The p re s su re difference signal from the " razor blade" i s la rger 
than the Stanton tube signal but smal ler than the Pres ton tube signal. 
5) The momentum integral (wake t ransverse) method (16) uses the change in 
momentum calculated from two velocity profiles measured above two points 
on the boundary surface. This method i s not considered very accurate or 
rel iable due partly to inaccuracies in the measurements and partly to the fact 
that the flow may be slightly three-dimensional when the velocity profiles a re 
assumed to be two-dimensional. When calculating the surface shear s t r e s s , 
taking the difference between the two velocity profiles of approximately the 
same magnitude increases existing e r r o r s . 
6) The velocity profile slope method uses the velocity profile slope at the surface 
calculated from the measured velocity profile. It works best if velocit ies can 
be measured in the laminar sublayer. It i s unrel iable, differentiation compounds 
the e r r o r s in the measurements . 
7) The Pres ton tube (17, 18) senses the p res su re difference between the p re s su re 
29 
from a total pressure tube resting on the boundary surface and the pressure 
from a static pressure tap at the same location. It is simple to construct. 
It must be totally in the boundary layer where the "law of the wall" applies. 
Preston Tube Considerations. From the methods considered the Preston 
tube offered the greatest accuracy combined with simple construction, but the 
vortex boundary layer presented several problems. The boundary layer is three-
dimensional (The Preston tube was calibrated in a two-dimensional boundary layer.); 
it has a radial pressure gradient, and the Preston tube differential pressure signal 
is small enough to make detection difficult. 
An electronic manometer solved the latter problem, allowing measurement 
of all but the smallest signals encountered, 
To be used in rotational flow the probe, shown in Figure 15, was made to 
rotate into the flow, so that at impact the velocity vector was perpendicular to the 
face of the total pressure tube. To get the static pressure at the face of the total 
pressure tube, two static pressure taps were placed to each side of the face, far 
enough out so that the static pressure would not be affected by the presence of the 
tube. This effect was checked by a similar Preston tube plug with the total pres-
sure tube removed. Two taps were used to compensate for the pressure gradient 
parallel to the face of the total pressure tube, the average of the pressure differ-
ences between each static tap and the total tube being used. In operation though, 
no significant difference between the two pressure differences could be detected 
except at the smallest radii. Initially, the two static taps were to correct for the 
pressure gradient completely. However, as later noticed, they corrected only 
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Figure 15. Preston Tube. 
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for the pressure gradient parallel to the face of the total pressure tube but not for 
the pressure gradient perpendicular to it. This effect will be considered later. 
Patel's experiments supported the law of the wall for turbulent boundary 
layers, whether external or internal, as long as the pressure gradient on the 
boundary layer was within certain limits. His experiments indicated that with a 
symmetrical bore for round Preston tubes the ratio of inside to outside diameter 
has a negligible effect on the calibration for diameter ratios larger than 0.2. The 
Preston tube used here has a ratio of 0. 6. Additionally, earlier experiments by 
Smith and Walker (17) suggested that the law of the wall is valid for z/6 < 1/6, 
where 6 is the boundary layer thickness. The Preston tube as used here stays 
well within that range. 
Preston Tube Calibration. (17,18) Von Karman (21) using Prandtl's mix-
ing length theory in the momentum equations proposed a unique law of the wall, 
3 - F ( y vT) • ™ 
r 
where the friction velocity, 
/ w U = J , 
in a region near the surface. Ludweig and Tillman (18) were able to confirm this 
law experimentally. Since the function is unique, the wall shear stress, r = 
w 
2 
jz(du/3y) , is uniquely related to the kinetic energy, pu , in the flow. The 
Preston tube pressure difference, Ap, is caused by the kinetic energy striking the 
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face of the tube integrated over the tube face. Thus, Preston (18), assuming the 
existence of a region near the surface in which conditions are functions only of 
skin friction, the relevant physical properties (p and v) of the fluid, and a suitable 
length, obtained a universal non-dimensional relation for the difference between 
the total pressure recorded by a round pitot tube resting on the surface and the 
static pressure at the wall, in terms of the skin friction. It is , using the tube 
diameter, d, as the reference length, 
2 
Pv
2 - T{-7^; • ( > 
2 2 
where Ap is the pressure difference, Apd / pv is the non-dimensional kinetic 
2 2 2 
energy striking the tube face, r d Jpv = (U d/v) is the law of the wall similarity 
W T 
parameter, and F is the function relation. 
Patel's (17) calibration curves establishing the function, F, are used here. 
They are 
2 
* r d 
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2.9 < x < 5. 6 , 
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y = 0.8287 - 0.1381 x + 0.1437 x (16) 
* 3 
- 0 .0060x 
and for 5.6 < x < 7.6 , 
x - y + 2 1og 1 0 (1 .95y +4 .10 ) . (17) 
Patel established e r r o r l imitations for p re s su re gradients in the direction of the 
flow. They a re 
1) for adverse p res su re gradients , 
« ( r w ) 
< 0.03 for 0 < A < 0.01 , 
6<rw> 
< 0.06 for 0 < a < 0.015 , 
Tw 
2) and for favorable p re s su re gradients with d A/dx < 0, 
6(r ) 
w 





< 0.06 for 0 > A > - 0.007 , 
Tw 
where 
A = -x-af , (is) 
and U = / — . (19) 
r '* P 
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Patel's calibrations are empirical for pipe flow, but may be extended to external 
flow. The pressure gradient effect is caused by a departure from the law of the 
wall of the velocity profile. Physically, favorable pressure gradients lead to 
reversion to laminar flow. Unfavorable pressure gradients lead to separation 
of the flow. In severe favorable and adverse pressure gradients the Preston tube 
was found to overestimate the skin friction. 
Pressure Gradient (A) Limitation in Vortex Flow. An estimation of PatePs, 
A , was calculated to see what error it may cause in the measured surface shear 
s t ress . The necessary pressure gradient, dp/dx, for the A calculation is derived 
from the radial momentum equation, assuming v = 0, 
z 
dv v, , ^ _ ST 
v - l _ _ t _ _ i | E + l ^ « . . (20) 
r o r r p or p az 
Integrating this equation over the boundary layer with the boundary conditions, 
at z = 6" , v̂  = T. , v = v , and r = 0, and at z = 0, r = r (0) t t co r r oo rz rz rz 
r , and recognizing that the vertical pressure gradient is of the order of pg and 
wx 
negligibly small through the boundary layer, gives 
r d Vr p r Vt Sp 
P V —i- d2 - D - d z - 6 7 + T . (21) 
J r or KJ r r or w v ' 
o 
© © © © 
Term (T) is the radial acceleration force. Term (2) is the centripedal accele-
ration force. Term (3) is the pressure gradient force. Term ( i ) is the wall 
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shear force. F r ee s t r eam conditions a re 
* 2 
, -£<*_ J £ u . l | e . (22) 
roo o r r p o r 
In a two-dimensional boundary layer (where Patel made his calibrations) t e r m ( D 
is absent result ing in Von Karman 's momentum integral equation, and the p re s su re 
gradient t e r m (5) serves only to accelerate the radial velocity. This is the p r e s -
sure gradient used to calculate Patel1 s A in a two-dimensional boundary layer . 
In a three-dimensional vortex boundary layer , the radial p r e s su re gradient p r i -
mar i ly balances the centripedal accelerat ion t e r m (5) . The difference between 
t e rm Qy and t e r m (2) remains to accelerate the radial velocity. The p res su re 
gradient for Patel5s A in the three-dimensional vortex boundary layer i s the com-
ponent in the flow direction of the difference just mentioned. It i s , using equation 
dv 2 / 
(22) and neglecting v r 00 , which i s small compared to v, / r , 
% ' r o o —; t 00 
dr 
dp t 00 
-£• = - p 
dx r 
v 2 1 v 2. 
1 - / 
v, 
t CO 
dr) \- cos § (23) 
where r\ - z /6 
1 r 
Using the above equation and evaluating A from several sample tes t conditions 
gave, generally, A *« - 0 . 0 0 2 . Thus the e r r o r in r , measured by the Pres ton 
w 




The vortex-surf ace boundary layer was produced by the vortex generator . 
The vanes were set at angles of 60. 0, 67 .5 , and 75. 0 degrees measured from the 
radius to produce rotating flows in the clockwise direction, when viewed in the 
direction of increasing height. At each angle three fan speeds were used to p ro -
duce the variation of f rees t ream circulation, V, shown in Table 1. A pitot tube 
installed direct ly above the fan was used to monitor the flow through the fan, which 
varied, based on the pitot readings, from approximately 6, 000 to 12, 000 cubic 
feet per minute for the three fan speeds. 
At each vane angle and fan speed, measurements of height, indicated angle, 
shunt voltage, and ambient boundary layer temperature were made at each of five 
radial positions, 6. 00, 9. 00, 12. 00, 15. 00, and 18. 00 inches (sample data shown 
in data reduction program in Appendix C). Additional radial positions of 3 . 00 and 
21. 00 inches were available, but they were not used because the first was too close 
to the core and the second was too close to the edge of the developing boundary 
layer . Water was injected through a small hole at the center of the table to check 
the position of the center of the vortex core with respec t to the center of the table. 
Velocity Profile Measurement 
The V-probe was inserted through the table at a radial position to measure 
velocity magnitude and direction versus height. The probe reference angle was 
established by aligning the probe pointer (mentioned in the calibration in Appendix 
B), which was below the table and coincident with the probe reference angle, with 
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the line of centers of the plug positions at each radius , shown in Figure 16. The 
reference height of the probe V above the surface was established with a finely 
honed stop, mounted to the probe and extending 0. 021 inch below the mean wire 
"V" plane. The probe was then adjusted to the desired height to within +0, 0005 
inch with a modified lathe c ro s s feed bed. Close to the surface a dial indicator 
permitted changes in the probe height to within +0. 0001 inch. 
After the angle referencing and height adjustment, the V was pointed approxi-
mately into the velocity direction using a small pennant mounted three inches above 
the probe V. Then the magnitude bridge was balanced to provide the proper vol-
tage to the direction bridge. The direction bridge was then balanced by rotating 
the probe, and the indicated angle was recorded from a pro t rac tor and pointer 
mounted below the table, the first to the probe and the second to the feed bed. 
With the probe pointing into the velocity direction, the magnitude bridge was r e -
balanced and the shunt voltage recorded. The room temperature was read from a 
mercury thermometer , to^O. 1 degree Fahrenheit accuracy, mounted at the edge 
of the table and extending into the boundary layer a i r supply. Initially a the rmo-
couple installed in the probe tip was to be used to measure the ambient tempera ture , 
however, the heated wire interfered with the thermocouple readings. Attempts to 
eliminate or work around this problem by moving the thermocouple away from the 
wire and by calibration of the thermocouple with the heating effect included failed, 
so the mercury thermometer was used. 
Surface Shear S t ress Measurement 
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Figure 16. Probe Installation Positions in Table Top. 
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in the same plug positions as the hot wire probe. It was then rotated into the 
velocity direction until a maximum p re s su re differential between the tube total 
p res su re and the surface static p re s su re was noted and recorded. 
Data Reduction 
The recorded data were fed into a digital computer program, shown in 
Appendix C, which reduced the data, tabulated the r e su l t s , and plotted the velo-
city profiles. 
Velocity Profile Reference Height Correct ion 
The reference height was correc ted to bring the surface shear calculated 
from the slope of the measured velocity profile into agreement with the measured 
Pres ton tube surface shear . The slope of the measured velocity profile was ca l -
culated by insert ing the velocity at z = 0 equal to zero and fitting a third o rde r 
least squares curve through the lowest five heights of the velocity profile. 
The height correct ion was made to cor rec t for 
1) variat ions in the wire height in the V-probe of 0. 030 to 0. 040 inch, and 
2) the surface influence on measurements . 
Figure 17 shows the resu l t s of this correct ion. Scatter in the data was caused by 
e r r o r s in the measurements and the compounding effect on e r r o r s of taking the 
derivative when calculating the velocity profile slope. The lat ter effect was mini-
mized by using the least squares curve fitting technique. 
The resul t ing reference height correct ion used was 
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Figure 17. Surface Shear Comparison. 
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Data Recording Difficulties 
Two major problems, flow instabil i t ies , and the l imitations of the ins t ru-
ments to record steady state data in unstable flow conditions hampered data taking. 
The flow instabili t ies could be seen as oscillations of the vortex core center in a 
three inch diameter circle about i ts mean center position, and as variat ions in 
the intensity (circulation strength) of the vortex. Two wire sc reens and one card-
board baffle, described in the vortex generator section, were mounted around the 
vortex generator to minimize flow instabil i t ies . To further minimize the effect of 
this problem on the hot wire , an averaging filter ( see Appendix B) was added to 
the galvanometer used to balance the magnitude and direction br idges . Still, small 
oscillations were present in the instrument indications, so a visual estimation of 
the mean indicated data was made. Generally, the method for establishing the 
mean data readout was to observe the band width of the oscillation and take i t s 
midpoint as the recorded value. 
Table 1. Test Conditions 
Test Vane (deg.) T(ft / s ec ) 
1 60.0 2.6 
2 60.0 3.7 
3 60.0 4 .5 
4 67.5 3.0 
5 67.5 5.2 
6 67.5 6.3 
7 75.0 4.2 
8 75.0 6.5 
9 75 .0 7.8 
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Results and Discussion 
The surface shear and velocity profiles were measured at the test conditions 
of Table 1. 
The data reduction program and a sample of its output are included in 
Appendix C. 
In this section, the results are presented for a typical sample of the tests 
with the remainder of the test results presented in Appendix C. 
Velocity Profiles 
2 . 
Velocity profiles at the typical test condition of r = 4.5 ft /sec and 
vane angle = 60. 0 degrees are presented in Figures 18 and 19. Following the 
velocity profiles are plots of the tangential velocity ratio, the radial velocity ratio, 
the local circulation, and the local radial inflow, presented in Figures 20 to 23. 
The representative freestream velocities and boundary layer thicknesses at the 
vane angle = 60. 0 degrees are presented in Figures 24 to 26. Finally, Figures 
27, 28, and 29 show a typical maximum radial velocity variation with circulation, 
and comparison of the results obtained in this work with those obtained by Ying 
and Chang (23). 
The tangential velocity profiles are similar, as shown in Figure 20, having 
the flat plate two-dimensional turbulent velocity profile law 
£- - (tf • 
t oo t 
The difference between equation (25) and the data points at the low z/6 (z/6 <0.15) 
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is caused by the laminar sublayer. The radial velocity profiles demonstrate no 
similarity as shown in Figures 21 and 23. 
In the freestream above the boundary layer the tangential velocities have 
a constant circulation, 
r - r v (26) 
as shown in Figures 22 and 24, except at the six inch radius where the flow is 
beginning transition to solid rotational flow, 
v w = _J_°2_ = constant, (27) 
r 
in the core. This constant freestream circulation means the freestream potential 
vortex has been achieved in the boundary layer simulation. The radial freestream 
velocities approach a constant local inflow, 
-r— = - = rv = constant , (28) 
2 rr dz r oo x ' 
over the center section of the plate local radius, as shown in Figure 25. The 
outer radii greater than or equal to 15 inches are in the developing radial boundary 
layer, and the local radial inflow is decreasing, indicating a vertical flow to the 
potential vortex. In the inner radii less than or equal to six inches, the flow turns 
up into the core. Thus the fully developed radial boundary layer covers a relatively 
small portion of the plate radius between six and 14 inches, generally. 
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Figure 26. Radial and Tangential Velocity Boundary Layer Thickness 
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YING & CHANG HUNTLEY 
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Figure 29. Ying and Chang Velocity Profile Comparison 
Radius = 12. 0 in. 
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the plots of velocity profiles at the height where the velocity profiles appear to 
reach ninety-nine percent of their f rees t ream value. 
One interest ing resul t found by Ying and Chang (23) and confirmed by this 
experiment i s that the maximum radial velocity var ies l inearly with circulation as 
shown in Figure 27 at the sample six inch rad ius . 
Figures 28 and 29 show selected velocity profiles at two different radi i 
compared with s imilar cases of experimental velocity profiles from Ying and 
Chang (23). Two significant differences appear. The boundary layer thicknesses 
measured in this work are l e ss than those of Ying and Chang, and the f rees t ream 
radial inflow of this work is higher. 
Surface Shear St ress 
Figures 30, 31, and 32 present: the surface shear s t r e s s measured by the 
Pres ton tube. The direction of the shear s t r e s s , <i>, is calculated from the velo-
city direction profile with a second order least squares curve fit through the lower 
five points. Refer to Appendix C for the data reduction calculations. 
The approximate uncertainty e r r o r in the Pres ton tube readings i s +20 pe r -
cent. This e r r o r was pr imar i ly caused by flow instabil i t ies. 
The inability of the electronic manometer used to sense p r e s su re differences 
-7 -6 
below 10 psi prevented shear s t r e s s measurements below about 10 ps i . 
The shear s t r e s s analysis is presented in the next chapter. 
Law of the Wall 
The vortex boundary layer is difficult to analyze in t e r m s of the "law of the 
wall" because of i ts three-dimensional nature. But, because the tangential velocity 
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Figure 30. Magnitude and Direction of Surface Shear Stress 
Vane = 60. 0 Deg. 
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Figure 31. Magnitude and Direction of Surface Shear Stress 
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Figure 32. Magnitude and Direction of Surface Shear Stress 
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profile i s s imilar to that of the two-dimensional boundary layer , it i s presented 
here in t e r m s of the "law of the wallrT pa r ame te r s , v , /U and U z/v, in 
t T r 
Figures 33 and 34. The first , Figure 33, shows the velocity profile before the 
reference height correct ion, described in the Procedure section, was applied to 
it. The second, Figure 34, shows the velocity profile after the reference height 
correct ion was made. The reference height correct ion i s shown to be justified. 
Recall that this correct ion was made by adjusting the reference height so that the 
surface shear s t r e s s calculated from the slope of the velocity profile at the su r -
face agreed with that measured by the Pres ton tube. The slope of the velocity 
profile can be measured in the laminar sublayer, and the tangential velocity 
profile shows a very thick laminar sublayer (z /6 \ <, 0.15) compared to the flat 
plate two-dimensional velocity profile. The reference height correct ion adjusts 
the velocity profile so that it ag rees , as it should, with the law of the wall in the 
laminar sublayer. Additionally, the velocity profiles appear to have individual 
logarithmic laws above the laminar sublayer. 
Discussion 
Generally, the tangential boundary layer development and resu l t s a re good. 
Similarity to the flat plate two-dimensional velocity profile is established. The 
f rees t ream tangential velocity descr ibes the desired potential vortex. At the inner 
radius of six inches, the beginning of t ransi t ion of the f rees t ream velocity from a 
potential vortex to a rotational core can be seen. 
The radial boundary layer i s not as well developed as the tangential. It i s 
developing over the outer half of the plate radius , from where it begins at the 
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Figure 33. Tangential Velocity Profile Without The Height Correction 
Compared to the Law of the Wall. 
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Figure 34. Tangential Velocity Profile with the Height Correction 
Compared to the Law of the Wall. 
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24 inch rad ius . Vert ical velocity occurs in this region. The developed radial 
boundary layer with constant f rees t ream radial inflow then exis ts from approxi-
mately the 12 inch radius to the six inch radius where it begins transi t ion to the 
core and vert ical flow begins again. Such a small section of the radius with the 
desired fully developed radial boundary layer i s the most significant shortcoming 
of this r e s e a r c h effort. Recommendations for better performance will be made 
in Chapter IV. The radial velocity profiles show the charac ter is t ic "STT shape 
caused by the increase of angular momentum with height, from zero at the sur -
face to constant f rees t ream T. They also show no similar i ty. 
Repeatability and E r r o r Analysis of Measured Velocity Profiles 
Figures 35 and 36 show the repeatabili ty of the velocity magnitude and 
direction. The velocity magnitude e r r o r band i s + 0. 60 feet per second or +20 
percent, whichever is smal le r . The velocity direction e r r o r band i s +5. 0 degrees . 
The effect of the e r r o r bands on the radial and tangential velocity components is 
shown in the following example. 
The tangential and radial velocities a re 
v t - | v | s i n $ , (29) 
and v = | v | cos 3>. (30) 
For this sample case use the typical values 
|v| = 4. Of t / sec , 
$ = 85. deg, 
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Figure 36. Velocity Direction Repeatability. 
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| v | - +0.6 ft/sec, 
i ! e r r o r 
and $ = +5.0 deg. 
e r ror 
The worst possible combination of er rors yield 
v. . = 3 . 3 ft/sec , 
t mm 
v, - 4.6 ft/sec , 
t max 
v . = 0 . 0 ft/sec , r mm 
and v = 0 . 8 ft/sec . 
r max 
The principal reason for these large error bands is the flow instabilities, 
seen as oscillations of the core base location in a three inch diameter circle about 
its mean center position and oscillations in the strength (flow velocity) of the vor-
tex. These effects were caused mainly by irregularities in the air supply provided 
by windows to an antisymmetric room. The steps taken to alleviate this problem 
have been discussed in other sections of this thesis, i .e . , the operating procedures. 




The momentum integral equations provide an analytical description of the 
vortex boundary layer . This chapter consists of a shear s t r e s s analysis to obtain 
the empirical surface shear s t r e s s relat ions suitable for use in the momentum 
integral equations and an evaluation of the momentum integral equations using the 
* 
experimentally obtained character is t ic thicknesses, 6 , 6 , 6 , and 6_, to check 
r r JL ^ 
the accuracy of these test r e su l t s . 
Surface Shear Stress Analysis 
The empirical laws describing the measured shear s t r e s s are evaluated in 
this section. The measured values of radial and tangential shear s t r e s s were cal-
culated from the Pres ton tube measured surface shear s t r e s s magnitude and wall 
velocity angle in Figures 30, 31, and 32 by 
r = T sin $ , (31) 
w w 
I. 
and T = T cos $ . (32) 
w w r 
Tangential Shear Stress 
Because the tangential velocity profile s imilar i ty was the same as the flat 
plate two-dimensional velocity profile s imilar i ty , see Figure 20, the flat plate 
68 
two-dimensional shear law (21), 
i 
2 r v I 4 
T = c n v ! -
w 1 coi .v 0 
CO 
(33) 
with c = 0.0225 , (34) 
v = v, , (35) 
co too 
and 6 = 5 (36) 
was used to describe the tangential shear s t r e s s , r . The resu l t s in Figure 37 
t 
show this law descr ibes r when the constant, 
W t 
c - 0. 0135, 
1 
is employed. The reduction from the flat plate shear law in c is 40 percent. 
Radial Shear Stress 
The empirical radial shear s t r e s s law was found by assuming it was of the 
form, 
9 r - 6 v - n ^ r r oo 
T = c n v 
w 2 r 03 L v 
r 
(37) 
where c and n a re found from the experimental data shown in Figure 38 to be 
n = -1 .09 , (38) 
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Figure 37. Tangential Shear Stress Correlation. 
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Figure 38. Radial Shear Stress Correlation. 
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Velocity Conditions. 
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The above resu l t has little relation to the two-dimensional flat plate shear law 
because of the use of the f rees t ream conditions. 
An interest ing resu l t occurs if the conditions at the maximum radial velo-
city a re used in the calculation, as seen from Figure 39. The empirical flat plate 
law offers fairly good agreement with the measured data. This par t icular compari -
son was made because of the reasoning that the wall shear s t r e s s was not t r a n s -
civ 
r 
mitted further to the boundary layer after r went to zero when — became 
zero . 
The f rees t ream empirical shear law is more important however, because 
the momentum integral analysis is based on the f rees t ream conditions, 6 and 
v 
r co 
Momentum Integral Equation Analysis 
This section consists of an evaluation of the momentum integral equations 
using the experimental data in order to check i ts accuracy and a simple e r r o r analy-
sis linking the e r r o r in the experimental data to the e r r o r of the calculated momen-
tum integral equations. 
Evaluation 
The momentum integral equations derived by Dr . Wolfgang Wulff a re used 
to describe the boundary layer . Originally, Rett and Lewellen's momentum integral 
equations (20) were to be used, but they did not include the possibility of radial f ree-
s t ream velocity which does exist . 
The momentum integral equations, which a re derived and discussed in 
Appendix D, are 
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1) the radial momentum integral equation 
d / 2 \ * r oo 2 r 
T^-frv 6 J + rv 6 —^— - v~ fi + — r - 0 , (40) 





6 = f — (l- — ) dz , (41) 





6 i : J L1 - [ir-) J d z . <«) 
t oo o 
00 
v 
and 6 = f* f1 - — ~ ) dz , (43) 
r J \ v / 
r oo 
o 
2) and the angular momentum integral equation 
2 
d / 2 . \ d / A* \ r n iAAs 
r - [ r v v, ft, - rv, r ( r v o - — r = 0 , (44) 
d r \ roo too 2/ t o o d r v roo r / p w 
where 
oo 
% = J (X - / \ ) dz • (45) 
roo t oo 
o 
The variables 6 and 6 are the radial velocity thickness and radial momentum 
thickness respectively. In all the integrations the upper integration limit of oo 
may be replaced by 6 or 6 , the boundary layer thickness, since the integrand is 
74 
zero for z > 6. Since 6 ^ 6 for our data, 6 is always used as the upper 
integration limit when evaluating these integrals. 
* * 
The values of 6 , 6M, 9 , 6 , 6 and A Q for vane angle = 60. 0 degrees are r t r 1 2 
presented in Figures 40 to 42. The values for the other vane angles are in 
Appendix D. Previously undefined 6 and AQ are the tangential velocity thickness 
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AQ - 2tfr (v - v )dz 





r oo r 
(46) 
(47) 
The integration calculations were performed in a digital computer program 
using an Aitken interpolation routine to calculate closely spaced values from the 
reduced data for a trapizoidal integration routine. 
The radial and tangential momentum integral equations are evaluated for two 
typical test conditions, 
Vane angle = 60. 0 deg , 
2 
r = 3,7 and 4.5 ft /sec , 
and the calculations are presented in Tables 4 and 5 in Appendix D. 
Due to errors in the balanced equations caused by inaccuracies in the 
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Figure 40. Radial and Tangential Velocity Displacement Thickness 
Vane = 60.0 Deg. 
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Figure 41 . Radial Momentum Thickness and 6 
Vane = 60.0 Deg. 
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Figure 42. fi and Radial Flow Increment 
Vane = 60, 0 Deg. 
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Figure 43. Balance Fraction Error of the Radial and Tangential 
Momentum Integral Equations. 
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variables used in the calculations, the results are presented in Figure 43 as the 
balance fraction, 
balanced equation error . 
[largest term in the equation | 
The following section presents a simple error analysis applied to our results. 
Simple Error Analysis of the Momentum Integral Equations 
This analysis will attempt to show the relation between the error in the data 
used to calculate the momentum integral equation balance and the error in the 
balance. The balance fraction based on the error of the largest term in the balance 
equation will be evaluated assuming the error in the reduced data, v and v , is 
+ 20 percent. The actual error is not this simple, but this estimate is thought to 
be representative of the error in the test data. For the analysis the following sim-
plified operation laws were used. 
1) The error band of the result of multiplication and division is the addition of the 
individual error bands. 
2) The error band of the result of addition and subtraction is the addition of the 
individual error bands. 
3) The error band of the result of integration is division of the integral error band 
by two. 
4) The error band of the result of differentiation is the multiplication by two of 
the error band of the differentiated value. 
The resulting balance fraction for the radial momentum integral equation is between 
+ 0. 60, and the balance fraction for the tangential momentum integral equation is 
80 
between + 0. 80. These values are shown on Figure 43 and, considering the sim-
plicity of the analysis, adequately account for the experimental balance fraction 
values. Carrying this analysis one step further, and evaluating the balance frac-
tion for an assumed reduced data error of + 3 percent, which is thought to be 
the best obtainable; the resulting balance fractions for the radial and tangential 
momentum integral equations are +0. 09 and +0.12 respectively. Thus this error 
analysis shows the order of magnitude of the improvement in the integral analysis 




CONCLUSIONS ANT) RECOMMENDATIONS 
Conclusions 
The simulation of the vortex- surface boundary layer produced generally 
good r e su l t s , but showed the need for increased flow stability to increase the 
accuracy of the measured data. 
F r e e s t r e a m 
Tangential Velocity. A potential vortex was established above the boundary 
layer . 
Radial Velocity. Constant radial inflow existed above the boundary layer 
over a center section of the radius from six to twelve inches. Upward vert ical flow 
existed elsewhere in combination with the radial inflow. 
Boundary Layer 
Tangential Velocity. The tangential velocity profile was well developed with 
the two-dimensional flat plate s imilar i ty of 
1 
V - ( f ) 7 • (49> 
t oo t 
Radial Velocity. The radial velocity profile was fully developed over only 
the six to twelve inch section of the rad ius . It was developing over the outer half 
of the plate radius from i ts beginning at the outer edge. No similar i ty was shown. 
8 :̂ 
Shear St ress 
Empir ica l surface shear s t r e s s laws were derived based on f rees t ream 
conditions from the Pres ton tube measured surface shear . They are 
2 T V 1 * 
T = 0 .0135pv , —*—jr . (50) 
w, ^ t co -v. 6, 
t t 00 t 
and T = 3 1 0 . ov 
1.09 
2 r v 
w r oo Lv 0 
r r oo r 
(51) 
Momentum Integral Analysis 
The momentum integral equation analysis r e su l t s showed that generally the 
data were not accurate enough to achieve balance in the equations. 
Recommendations 
Future r e s e a r c h e r s should work to increase flow stability, which may be 
done by increased air supply regulation (possibly with the use of more screens) . 
An effort should be made to achieve fully developed radial velocity profiles 
over a l a rger section of the rad ius . Vertical upflow at the beginning of the radial 
boundary layer should be reduced. These problems, along with the high f rees t ream 
radial inflow are related to the fan and orifice used. A low head fan which requ i res 
a large orifice to pull large volumes of a ir through the vortex generator was used. 
The author believes that a high head, fan with the head scaled to the p re s su re drop 
in a tornado core , combined with a smal ler orifice would produce more favorable 
r e s u l t s . It would reduce the vert ical flow outside the core and increase the 
33 
vertical flow in the core, thus increasing the mass supplied to the core by the 
radial boundary layer, and reducing the effect on its development of vertical 
velocity at the outer plate radius. 
An examination should be made into increasing the accuracy of the instru-
ments, for example, decreasing the V-probe angle to achieve greater angle 
sensitivity. 
Further studies should include measurement of the flow above the boundary 
layer; an extension of the range of the test parameters, r a n d vane angle; and 
further testing of the vortex generator configuration, specifically, the height of 
the plastic shield, the number and arrangement of screens, the type of fan, and 
the orifice size. 
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APPENDIX A 
VORTEX GENERATOR DETAILS 
This appendix consists of the major drawings used to construct the vortex 
generator. 
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Figure 44. Vortex Generator. 
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HOT WIRE ANEMOMETER DETAILS 
An inexpensive, constant temperature, V-probe hot wire anemometer was 
constructed to measure the two-dimensional time mean velocity profile of the 
vortex-surface boundary layer. Its range of operation and general physical charac-
teristics are described in the text. Essentially, it has a double resistance bridge, 
one bridge when balanced points the ,fVM in the velocity direction, and the other 
bridge when balanced indicates velocity magnitude with the current supplied to the 
bridge. 
This appendix is divided into three major sections, the physical description, 
an analysis including circuit considerations and the predicted hot wire response, 
and the calibration. 
Physical Description 
The hot wire anemometer, shown in Figure 5, has the following components: 
a) the probe, drawn in Figure 48; 
b) a double bridge circuit, discussed earlier and shown in Figure 49, which can 
be separated for the calibration; 
c) and the control circuit, shown in Figure 49, to balance the bridges and indicate 
the shunt voltage. 
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Figure 48. Hot Wire Anemometer V-Probe. 
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temperature; however, the heated wire interfered with the thermocouple reading, 
making it too difficult to calibrate, so a mercury thermometer, positioned at the 
beginning of the boundary layer, was used instead. 
The 0. 001 inch diameter wire was soldered to the steel pin tips using an acid 
flux, an indium alloy solder, and a conventional soldering gun. 
All fixed resistors in the circuit are 1% wire wound, and the variable resistors 
are 5% wire wound. 
The primary voltage supply is a regulated 12 volt direct current power supply. 
Hot Wire Analysis 
The purpose of this analysis is to support the construction and calibration. 
Specifically, the analysis contains. 
1) initial considerations for the circuit, wire size, and resistance values used; 
2) the detailed analysis determining the size of the direction bridge balance 
resistor; 
3) the predicted hot wire response, including the velocity direction response, and 
the velocity magnitude sensitivity and response; 
4) and the galvanometer filter used to obtain average voltage readings. 
Initial Considerations 
The circuit, see Figure 49, used is a modification of the hot wire anemometer 
in reference 11. The wire size, 0. 001 inch diameter, was selected as a compromise 
between high damping, desirable to measure time mean velocity, and high wire to 
probe lead resistance. Other considerations which established the first estimate 
of the bridge resistances and voltage were 
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Figure 50. V-Probe Direction Bridge. 
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a) a wire length of approximately 0. 25 inch for high L/d, and 
b) a wire tempera ture approximately 150 degrees above ambient tempera ture to 
obtain the velocity sensitivity mentioned in the text. 
Several small i terat ions of the circuit var iables led to the final circuit in Figure 49, 
The final stages of analysis a re included in the following pages. 
Sizing of the Probe Balance Resis tor in the Direction Bridge 
Two res i s t ances , R and Rr>, were needed in addition to the two hot wire 
r e s i s t ances , R and R , to complete the probe direction bridge, shown in Figure 
50. They were made finely adjustable with a large variable r e s i s to r in paral lel 
with a small fixed r e s i s t o r , so small differences in the two hot wire r e s i s t ances 
could be compensated. 
The optimum of r e s i s t o r s R and R for maximum bridge sensitivity i s 
i. Ĵ 
calculated next. 
The basic equations for the bridge in Figure 50 are 
I - L + L (B-l) 
j_ IJ 
^ l 4 " ^ = I 2 ( R 2 + R 4 ) ( B " 2 ) 
AUo = ICRj + Rg) (B-3) 
AU - ¥ 4 - ^ 2 (B~4) 
where AU is the bridge unbalance voltage, and AU is the bridge supply voltage. 
Since changes in velocity direction cause changes in hot wire res i s tance ; for maxi-
mum directional sensitivity, find R to maximize the sensitivity of -—- with 
o 
respect to R . The sensitivity of --— with respect to R is 
o 
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d / A U \ R 2 
dR V A U / m _ 2 
4 o (R2+R4) 
(B-5) 
The optimum R will be at 
^ J 
A r a /AU 
dRn 1_SR ' VAU 2 4 o 
(B-6) 
Solving equation B-6 gives 
R 4 = R 2 • (B-7) 
Similarly, 
R 3 = R 1 . (B-8) 
Thus R and R were chosen close to the size of R and R . All are approximately 
1.5 Q . 
The Est imated Hot Wire Velocity Direction Response 
The objective of this section i s to calculate the response of the direction 
bridge unbalance voltage, AU, to the velocity direction, \£', shown in Figures 50 and 
51. The method used here will be to calculate the velocity direction sensitivity, 
S ( A U ) / c ^ , of the direction bridge. For the purpose of this analysis the unbalance 
voltage, AU - 0, when the velocity direction, \E'= 0. 
The res i s t ances R and R in Figures 50 and 51 are the two hot wi res in the 
V-probe. Their res i s tance i s a function of the normal (_j_) velocity component only, 
96 
R 
Figure 51. V-Probe Yaw Angle. 
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an assumption valid when the velocity i s incident to the wire at angles greater than 
15 degrees (12). 
The significant velocity components are 
v = V sin (a - *) , (B-9) 
and v - V s i n t o + * ) . (B-10) 
J_4 
From a circuit analysis of Figure 50, 
AU R l R 2 
A U 0 R l + K 3 R 2 + R 4 
The directional sensitivity i s then 
where 
BR 3R 
and 4 4 
d>£ 3v 
^ 4 
To find 3 and 4 
dv dv . 
_L 3 -L 4 
(B- l l ) 
R , 3 R R S R 4 
S /AU \ = _ L _ _ _ S + _ 2 _ 2 _ ± , (B-12) 
d ^ \ A U / (R + R J 2 S $ ( R + R J ^ 
o ' 1 3 x 2 4 
3R BR 
_ _ = _ _ _ V c o 8 < a - * ) f (B-13) 
_L3 
V c o s ( a + $ ) . (B-14) 
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= 0 .24+ 0.56 Re 
0.45 
(B-15) 
Eliminating T in equation (B-15) with 
i R 
T = T + - ^ - 1 , 
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TT L o oo a aR 
(B-19a,b ,c) 
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2T v o oo a 
co 
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Evaluating a par t icular case at 
V = 2 f t / sec , v = 1.4 f t / s e c , 
_L 
# = 0 , 
1 = 0 . 1 5 3 4 amps, 
d - 0.0000832 ft . , 
L = 0.174 ft . , 
T = 328°F - 788 °R, 
w 
T - 85 ° F = 545°R, 
oo 
o 
T„ = T + T = 666 R. 
f w oo 
k = 0. 0178 BTU/(ft hr ° F ) , 
-4 2 
V = 2.52 x 10 ft / s e c , 
T = 74.5 °F = 534.5 °R, 
o 
a = o. 0 0 3 1 2 / ° F , 
R = 1.105 n , 
o 
R = 1.989 Q , 
w 




= -0 .123 Svj_ ' f t /sec 
The sensitivity from equation (B-12) becomes 
&£.)= 0 .114/rad , 
3 vlAAU , 
o 
100 
and for AU ~ 0.300 volts, 
^ A U . 0 , 5 9 8 mmivolts_ 
S v? deg. 
This resul t i s compared to the calibrated resu l t s on Figure 12 in the text. 
Magnitude Bridge Sensitivity 
In this analysis the sensitivity, •zrrr I—— ) , of the magnitude bridge unbal-
o 
ance voltage, A U, to the velocity magnitude is calculated. Referr ing to Figure 52, 
f irst assume 
R « R , (B-25) 
W w 2 
and UA « RK , (B-26) 
So R « %(R + R J . (B-27) 
p 2V w1 4
; 
The bridge sensitivity to velocity 
3R 
A fAH \ = L M ^ E. 
SVVAU / SR VAU / sv 
o p o 
The bridge circui t equations a re 
(B-28) 
A V W B 3 > • (B"29) 









Figure 52. Hot Wire Bridge for Sensitivity Analysis. 
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AU = ^p-ft • < B - 3 1 ' 
and I + T = I . (B-32) 
1 2 s v ' 
F rom equations (B-29) to (B-32) 
Then, 
AIL _ __^_ R l 
AUQ (R + R 3 ) (R1 + R2) 
"D 
S / A U \ 3 
SR V AU / ' „ 2 
P o <R +R3> 
Using the res i s tance values from Figure 49 , 
BR VA 
p o 
and equation (B-22) of the sample case of the preceding section 
-0 .123 
a V f t /sec * 
Therefore. 
(B-33) 
( H ) m 0. 05/ Q , (B-35) 
T^(^TT) ~ - 0.00615 / . (B-36) 
9 V V A U / f t /sec v 
o 
mV 
The galvanometer used to balance the bridge has a sensitivity of 0.486 , and 
using a representat ive value for AU of six volts , the galvanometer sensitivity to 
103 
cm 
the velocity i s about 7. 8 —, . Since the galvanometer can be read to the 
neares t mil l imeter the velocity magnitude bridge i s therefore sensitive to 0. 01 
f t / sec . 
Velocity Magnitude Response Analysis Using a Digital Computer P rogram 
The calculations for the velocity magnitude response analysis a re done in 
digital computer program writ ten in For t r an V for the Univac 1108 high speed 
digital computer. 
The calculations predict a wide range of the probe response charac te r i s t ics : 
the current -veloci ty- temperature relation, the heat t ransfer from the wire , the 
effect of conduction end lo s ses , the damping, and the current sensitivity. 
F i r s t , the equations which govern the calculations a re presented, second 
the method of using these equations i s given, and third the program listing and a 
sample of i ts output a re presented. 
Calculations. This section contains the equations for the calculations and 
some supporting analysis . 
a) The solution to the current-veloci ty- temperature relat ion including end effects 
i s now presented. The steady state energy balance for the model wire element 
in Figure 53 i s , assuming constant res is tance in the wire c ross -sec t ion , 
d2e 
- ^ - A 9 w + B = 0 , (B-37) 
where 
V = X > (B-38) 
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- L / 2 





Figure 53. Hot Wire Analysis Model. 
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%'~ - T - T W CO 
2L2h f 









and  - ~ ^ — . (B-41) 
T is the local wire tempera ture and T is the ambient fluid tempera ture . Assume 
w oo 
the boundary conditions for the wire a re a symmetr ic tempera ture distribution, 
d9 
so, @ V = 05 -— = 0 , (B-42) 
and that the end of wire i s at ambient temperature since it i s attached to the thick 
(compared to the wire diameter) steel support at ambient t empera ture , 
so, 
@ n = +0.5 , Q = 0 . (B-43) 
Solving the above ordinary, second order , l inear differential equation gives for the 
temperature distribution, 
( 4Hfi - ^Af? *) 
e = JL 
w A W ^ A / 2 -VA/2>
 (B"44) 
The mean wire temperature i s 
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•/A/2 - - / A / 2 , 
w • A L* " v T / V A / 2 . ^ 2 >) -' - <B-45) 
\ e + e / 
In solving these equations the mean wire temperature and velocity will be given, 
and the wire current is found from 
. 2 B | 7rr k 
I : / — — J L - , (B-46) 
V R L 
w 
where B i s calculated from equation (B-45). 
b) The mean wire res is tance as a function of the mean wire tempera ture , 
for T = T (x) , (B-47) 
w wv ' s ' 
TTV 
i s R 
w 
p_dx 
2 L"* **v"w " r ; 
and dR = -^—z [l + a(T - T ) , (B-48) 
L/2 
dR . (B-49) 
L/2 
With the mean wire tempera ture , 
L/2 
- L/2 
T = ~ f T dx , (B-50) 
w L J w x 
then the mean wire res is tance is 
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f l 4 R = R I 1 + a ( T - T ) 
w r l v w r 
(B-51) 
c) The heat t ransfer from the wire i s 
(i) the conduction at both ends. 
9 3 T 
2 w 
CL,„^ = 2'JTT k — ~ -
w dx 





B VX/2 - ^ / 2 
-i£— r - e + e 
3x | L\/A 
x - L / 2 
A/2 -VA/2 e + e 
(B-53) 
(ii) the convection,, 
q = 2 f fr LhJT - f ) , 
conv r w oo 
(B-54) 
(iii) and the radia.tion, 
q , = 277rL e c ( T - T 4 ) 
rad v w co 
(B-55) 
with c = 1.0. 
T was obtained without including radiation. The radiation calculation is in-
cluded only to show, as it does in the r e su l t s , that radiation may be neglected 
in the analysis . 
d) The heat generated by the wire is 
2-
q = I R = q + q ,. 
gen w conv cond 
(B-56) 
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e) The convection coefficients for infinite wi res , in t e r m s of the film tempera ture 
T f , a re for free convection from Holman (6), 
1/12.5 
Nuf = (Pr f Grf) , (B-57) 
_5 
for 10 < P r Gr < 1 , 
where 
the Nusselt number, Nu = f , (B-58) 
o- (T - T ) 
O X TIT CD J 
the Gr a shof number, Gr„ = ~- v d , (B-59) 
I T v 
f vi 
ix c 
the Prandtl number, Pr_ - ~LM , (B-60) 
T + T 
W CO 
and the film tempera ture , T = r ; (B-61) 
and for free convection from Collis and Williams (1), 
T f N - ° -
1 7 0.45 
Nuf ^ — J = 0.24 + 0.56 (Ref) , (B-62) 
CO 
for 0.02 < Re < 44 , (B-63) 
where 
ud . 
the Reynolds number, Re = . (B-64) 
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The air density using the equation of state is 
0 " RT " (B"65) 
The thermal conductivity of a i r i s a polynomial fit of data from reference 21, 
k = 1.329 x 10 + 3 .190x 10 T 
-9 2 - B T U 
- 7.730 x 10 T ft-hr-°F I <
B-66> 
for 400 °R < T < 800 °R . 
The air viscosity, from Sutherland's Law (21), is 
m 3/2 T +S„ 
JL =(J- V JL-1 
with 
(B-67) 
^o o 1 
S = 110 °K , 
» = 0.350X10™6 M ^ Q 
ft2 
T = 0 °C . 
o 
f) The hot wire damping is found from the solution of the t ransient energy balance 
of a wire element, assuming convection heat t ransfer only, and an oscillatory 
ambient t empera ture . 
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It i s 
= T > (B"68) 
l+(2 7Tb) 
pdo w 
where p _ , (B-69) 
~ 8 f fh f 
and co is the excitation frequency. 




1 t" 1 i n+1 n - 1 
b T 
w 
T - T 
iu-1 n -1 
(B-70) 
where T = T + 0.5 , (B-71) 
w w 
n+l n 
and T = T - 0 .5 . (B-72) 
w w 
n - 1 n 
SI SI dRw 
Similarly, \ _ , — _ , and K-TTT- were calculated. 
a l o V o l 
CO W 
h) The current , without conduction end losses , for convection alone is 
I = Vq /R . (B-73) 
conv w v ' 
i) Another end loss correct ion taken from reference 12 was used a s a check of 
the previously presented method of calculation. It i s expressed as the fraction 
of heat lost due to conduction, 
I l l 
3/4 k 1/2 
^7=(T) (£) Kl.) (-)• (B-74, 
V0,475 f 
T - T 
W CD 




and Re^ , = . (B-76) 
f, L v 
Method of Solution. The method of solution is to input a mean wire t emp-
e ra tu re , f , an ambient fluid tempera ture , T , and a probe velocity, V, and then 
solve for the wire current , I , and the other proper t ies mentioned previously 
and shown in the sample output. The input probe velocity is reduced to a normal 
component, 
v = V cos (45°) , (B-77) 
for the calculations. The current i s calculated for one wi re , then assuming the 
two wires in the v-probe a re identical the cur ren t for the probe i s calculated (since 
the two wires are in a paral lel circui t) , 
I - 21 . (B-78) 
p w 
The probe cur ren t ( in amps) i s assumed equal to the shunt voltage, E ( in volts), 
s 
because the shunt resisttamjee, R = 1. 00Q, and because, refer to Figure 49, 
s 
R 5 + R 6 >:> R p + R 7 ' ( B " 7 9 ) 
112 
so the shunt current is essentially the probe current. 
Computer Program and Sample Output. The computer program with sample 
results for the hot wire analysis is shown in the following pages. The important 
results are discussed in the text, 
The tabulated printed output page contains the significant input variables 
and the calculated results. 
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C 
C HOT wIRE CHARACTERISTICS PROGRAM 
C 




1 READ{5»1000) ALPHA,TR»RESIST,WCOND»RADIUS,PR,L,PINF 
1000 FORMAT <6E10.4> 
2 WRITE(6»2000) 
2000 FORMAT ('l^SX^oT WIRE CHARACTERISTICS*//) 
3 WRITE(6'2010) ALPHA.TR.RESlST»R^DlUS.L#WCoND,PR»PINF 
2010 FORMAT (6X»ALPHA(1/DEGF) = »E10.4,9X•REF TEMP(DEGF) = 'EiO.4/ 
1 6X'RF RESIST(OHM) = tE10.4/ 
2 eX^RAOlUSfFT) = »E10.4,9X'I-ENGTH(FT) = 'EiO.4/ 
3 6X'TH C0N0(B/HF3) = •E10.4.9X•PRANDTL NO = •EfO.if/ 
4 6X«ATM P(IN H5) = »E10.4) 
4 READ(5.l000»END = 3000) TW.TlNFfV 
WRITE(6.2020) TW.TINF.V 
2020 FORMAT <1X/6X»WIRE T(DEGF) = •ElO,4»9X•AMB T(DEGF) = 'E10.4/ 
1 6X'PR3 VEL(FT/S) = »E10,4) 
TINF = TINF+459.7 
TW = TW+459.7 
VN = V*C0SC*5/57.3) 
THBAF* = TW-TINF 
RBARi = RESlST*(l,+ALPHA*(Tw-459.7-TR>> 
WRITE(6»2030) THBAR.RBARI 
2030 FORMAT(lX/e>X»THETA 3 R O E S F ) = 'ElO t4.9X*MEAN R(OHMS) = , E l 0 . 4 ) 
TF = (TW+TlNF)/2 
MUF = 0.350/10**6*(TF/492'J**i.5*690./(TF+198) 
RHOF = 0,041206*PINF/TF 
KVISF= MUF/RHOF 
D = RADIUS*2 
REF = VN*D/KVISF 
GRF = 32,2/TF*TH3AR/KVlSF**2*Q**3 
WRITE(6»2040) TFrMUF,RHOF»KVXSF»REF»6RF 
2040 FORMAT <1X/6X'FI|_M T(DESR) = 'E10.4,9x»FLM VIS(PS/F2) = 'ElO.4/ 
1 6X'FL DEN(PS2/Ftf> = »ElO,4»9X'FL KVIS(F2/S) s 'E10.4/ 
2 6X»FL RE NO -" »El0.4» 9x*FL GR NO = »E10,4) 
IFIV.GT.O.) GO TO 5 
NUF = (PR*GRF)**0.08 
GO TO 6 
5 NUF - (0.240 + 0.56*REF**0.45)*(TF/TINF)**0,17 
6 FCOND = 1,329/10**4+3.190/10**5*TF-7,730/l0**9*TF**2 
HF = NUF*FCOMD/D 
WRITEt6»2050) NUFrFCOND.HF 
2050 FORMAT (1X/6X»NUSSELT NO S 'E10.4.9X»FL COND(B/FHF) = »E10.4/ 
1 6X»FILM HO/HF2F) = »E10.4) 
A = ?*L**2*HF/RADIUS/WC0ND 
SQA = SQRT(A3S(A)) 
OENOM = EXP(SQA/2)+EXP{-SQA/?) 
.__ 0 = THBAR*A/(1-2/SQA*(EXP(SQAV2)-EXP(-SQA/2)^/DEN0M) 
APR = 3.14159*RADIUS**2 
11 = SQRT(A3S(B)/3.413*APR*WC0ND/RBAR1/L) 
12 = 2*Il 
WRITE(6»2060) 11.12 
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2060 FORMAT <1X//6X'CURRENT(AMPS), HEAT TRANSFER* WIRE TEMP DlqT,'/ 
1 6X'AND SENSITIVITY WITH ESTIMATED COND END EFFECT'/ 
2 6X'l WIRE I = *E10.4»9X»2 WIRE(PRB) I = fE10.1) 
QCOND = -2*APR*WC0ND*3/L/SQA*(«EXP(SQA/2)+EXP(-SOA/2))/DEM0M 
QCONv = 2*3.mi59*RADlUS*L*HF*THBAR 
QGEN = U**2*RBARl*3.i+13 
QRAD = 2*3.14159*RADIUS*L*0,1714/10**8*(TW**U-TINF**4) 
WRITE (6» 2070) QCOND» QCONVo QGEN» QRAD 
2070 FORMAT (lX/6X'Q C0ND(3TU/HR) = »E10.4»9X'Q CONV(BTU/HR) = 'E10.4/ 
1 6X'Q GENCBTU/HR) S »E10.4»9X'Q RAD(BTU/HR) = 'EICO 
WRITE(6»2Q90) 
2090 FORMAT (/11X»ETA»6X'THETA WIRE•15X'FREQUENCY'3X'AMPLlTUDEf/ 
1 22X'(DEG F)'laXHCPS)'SX'REDUCTIO^M 
RHOW = 0.322 
CP = 0.105 
DO 8 1=1,6 
ETA(i) = Q.l*(I-l) 
THETA(I) = B/A*(1-(EXP(SQA*ETA(I))+EXP(-SQA*ETA(I)))/DENOM) 
FREQ = 10**((I-l.)/2.) 
B2 = D*RHOW*CP*FREQ*3600/4/HF*l728 
AR = l/SQRT(lt(2*3.14159*B2)**2) 
8 WRITE(6»2100) ETA(I)tTHETA(I),FREQ,AR 
21Q0 FORMAT <5X»2El2.^l3Xr2El,2,4) 
DO 18 I=l»6 
lFU-2) 11»11>12 
11 TEMPi(I)= I-1.5+TW 
TEMP2(I) = TINF 
VEL(I) = VN 
GO TQ 15 
12 IFU-4) I3,13rl4 
13 TEMPKI) = TW 
TEMP2(I) = I-3.5+TINF 
VEL(I) = VN 
GO To 15 
I^TEMPl(I) = TW 
TEMP2(D = TINF 
VELH) = U-5.5+V)*C0S(45/57.3) 
15 THBAR = TEMP1(I)-TEMP2(I) 
RBAR(I) = RESlST*(l+ALPHA*(TEMPl(I)-tf59f7-TR)) 
TF = (TEMP1(I)+TEMP2(I))/2 
MUF = Ot35Q/10**6*(TF/t+92)**i,5*690./(TF+l9S) 
RHOF = 0,041206*PINF/TF 
KVISF = MUF/RHOF 
REF = VEL(I)*D/KVISF 
GRF = 32^2/TF*THBAR/KVISF**2*D**3 
IF(V.GT.0.) GO TO 16 
M1F__=. (PR*GRF1**Q.0S 
GO To 17 
.16 NUF r (0.2^0+0.56*REF**0,45)*(TF/TINF)**0.17 
FCONo = 1.329/10**4+3.190/;L0**5*TF-7,730/l0**9*TF**2 
17 HF = NLIF*FC0ND/D 
QCONv = 2*3.14159*RADIUS*L*HF*THBAR 
A = £*U**2*HFyRADIUS/WC0ND 
SQA - SQRT(A3S(A)) 
DENPM = _EXP(SQA/2)+EXP(-SQA/2) 
B = THBAR*A/(1-2/SQA*{EXP(SQA/2)-EXP(-SQA/2))/DEN0M) 
18 THETA(I) = SQRT(A3S(B)/3,«U3*APR*WC0ND/RBAR/L) 
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DIDTw = (THETA(2)-THETACl))/(TEMPl(2)-TEMpl(l)) 
DIDTA = (THETA(i*)-THETA<3>)/(TEMP2(<+)-TEMp2(3)) 
DIDV = THETA(6)-THETA(5) 
DRWOTW = RBAR(2)-RBAR(1) 
DI0Tw2 = 2*OIDTW 
DIJTA2 = 2*DIDTA 
QI3V2 = 2*DIQV 
WRITE(6»21«+0) DIDTW2»DI3V2»DIDTA2»DRWDTW 
2140 FORMAT (1X/6XOERIVATIVES OF CURRENT (SENSITIVITY) »/ 
1 6X»DIDTW2(A/DF) = ' ElO. 4 19X*DlDV2 (A/F/S) = »El0.t*/ 
2 6X'DIDTA2(A/0F) = • ElO, 4» 9X'0RWDTW(0HM/DF) = 'ElO.tO 
13 = SQRT{QC0NV/R8ARi/3.i*13) 
II = 2*13 
WRITc<6»2080) 13,14 
2080 FORMAT (1X/6X'CURRENT*AMPS) wITH NO END LOSS'/ 
1 6X»1 WIRE I = 'E10.1»9X»2 WIRE(PRB) I = »E10.<4) 
REFL a REF*L/D 
T = THBAR/(TW-459.7+1/ALPHA) 
Rl = WCOND/FCOND 
IF(V.GT.0.) SO TO 9 
ZETA = 0.1 
GO To 10 
9 ZETA = 1/0,175**0.5*(0/L)**0.75*R1**0.5/REFL**0.2S*(1-T)*A0.5 
10 WRITE(6'2120) REFL»T,ZETA 
2120 FORMAT (1X/6X'CURRENT<AMPS) WITH TN2117 CQND END EFFECTV 
1 6X»REFL S »E10.U»9X»W COND/FL-COND = •ElO,**/ 
2 . 6X»ZETA(L0SS FRAC)= »E10.4) 
15 = SQRT(QC0NV/RBARl/3,tH3*(H-ZETA)) 
_.I.6.= 2*1.5 
WRITE(6»2130) 15,I& 
2130 FORMAT (6X»1 WIRE I = »E10.4,9X»2 WlRE(PRB) I = »EiO,i+) 




tOT WiRE CHARACTERISTICS 
.LPriA ( 1 / )EGF) = 
\F R i b l S T ( O H v ) = 
• iADLJb(FT) -
TH CQl',3l:)/HFD) = 
• TM P U N HG) -
..IRE I(DEGF) = 
PR3 VtL(FT/S) = 
. C ;: 7 0 _ L, ? 
.]100+01 
. 4 16 0 - u 4 
.4 750+02 
. 3 0 Ci 0 + u 2 
.2660*03 
. cm oo 







MET A LM(JESF) - .1960+ u3 MEAN ^(OHMS) .1787+01 
PlL-i T(DEGR) -
r"L JEMPS2/F4) = 
FL RE NO = 
• JSSL'uT JO -




.4 745+0 0 
.Q7&9+02 
FLM V I S ( P S / F 2 ) = 
FL K \ / IS<F? /S ) = 




FL CONDCB/FHF) = .1711-01 
CURKENT(AMPS)» H^AT TRANSFER, WIRE TEMP nISTr 
AND SENSITIVITY WIT H ESTIMATED COND END EFFECT 
I WIRE I = .i53e+oo ? ^IRE(PRB) I = .3036+00 




Q CONV(BTJ/HR) = .9249-01 
3 R A D < B T U / H R ) = .1646-02 
ETA 








.^654 + 1,3 













»7t+67 + 00_ 
.3346+00 
.3162+02 jlll6 + 00 
.1000+03 .354ft-01 
,3162+03 .1123-01 
DERIVATIVES OF CyRRENT (SENSITIVITY) 
3lDTWi(A/DF) = .7887-03 DIDV2(A/F/S) = .0000 
DIDTA2CA/DF) = -.P537«p3 _ DRWDT^ (OHM/DF.) = .2937-02 
CURRENT(AMPS) WITH No END LOSS 
V WIRE I = .1231+0 0 2 WIPE(PRB) I = .2463+00 
CURRENT(AMPS) WIjH TN2117 CONS END EFFECT 
rtEfk. _ _= .3056+02 W_ COND/F_L-COND__= _ _̂ .3060 + 00_ 
ZETA(LOSS FRAC)=~ .1U00+QQ~ 
1 WIRE I = .1291+00 2 WIRE(PRB) I = .2583+00 
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•iOT IRE C H A R A C T E R I S T I C S 
' . L P H M I I / J E G F ) - .2670-02 
Rf R E S I S T ( O H M ) - . ,11 00 + 01 
< M D I U S ( F T ) - « 4 J 6 0 - o 4 
(H CO^DCi/HFD) - . u 7 5 0 + 0 2 
...1M P ( I M H&) = . 3 0 0 0 + 0 2 





ftlRc T U u G F ) 
PR3 VEL(FT/S) 
2660+03 
5 0 0 0 + 01 
AMB T O E G F ) .7000+02 
THET^ B=x(L)EGF) = 
FILV> l(DEGR) = 
^L DEM(PS2/Fu) = 
PL RE NO = 
l̂USSEuT MO = 
FILM H(J/HF2F) = 
. 1960 + 03 
.b;:77 + u3 
.1969-02 
.1375+01 












;URRENT( AMPS) » HEAT TRANSFER, WIPE TEMP [)fST, 
H N D SENSITIVITY .»;ITH ESTIMATED COMO END EFFECT 
1 WIRE I = .1969+00 2 WIRE.IPR3) I 
Q CONDC3TU/HR) = 
,} GENCBTU/HR) = 
.5*62-01 
.2364+00 
Q CONV(BTUZHR) = 

































, 6 8 0 9 - 0 1 
.2158-01 
DERIVATIVES OF CyRRENT (SENSITIVITY) 
DIDTW2(A/0F) = .1059-02 DIDV2U/F/S) 
DlpTA2(A/DF? = -.9506-Q3_ _ DfWPTWCOHM/OF) 
.1083-01 
.2937-02 
CURRENT(AMPS) Wlxrt No END LOSS 
1 WIRE I = .1734+00 2 WIRE(PRB) I = .3469+00 
CURRENT(AMPS) WITH TN2117 COND END EFFECT 
REf_L _ = _.3362t0_3 W C Q N D / F L - C O N P = .3060+00 
ZETA(L05S FRAC)= .2583+00 
1 WIRE I = .1945+00 2 WIpE(PRB) I = .3891+00 
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Galvanometer and Filter 
A simple low pass filter is attached to the galvanometer, to dampen 
oscillations which made the bridges difficult to balance. Also resistances were 
added in series to the galvanometer to reduce its sensitivity, see Figure 54, with 




Rg = 15 A 
Figure 54. Galvanometer and Filter. 
these results: 
a) galvanometer sensitivity (above) is 0.212 mm 
mV 
b) galvanometer sensitivity with 100 KQseries resistance is 0.486 , 
c) filter time constant r = RC = 5 seconds. 
Calibration 
To use the hot wire anemometer, the calibration of the velocity as a function 
of ambient temperature and shunt voltage for a fixed wire temperature, and the 
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velocity reference angle with respect to the probe axis, ^ , were needed. This 
section presents the method of calibration, and the final results are presented in 
the text. 
Reference Line for Probe Angle 
The probe reference line was defined as the intersection of a plane perpen-
dicular to the probe shaft and the plane parallel to and intersecting the center of 
the MtP' shaped bend in the probe shaft shown in Figure 48. Ideally this reference 
line would coincide with the velocity vector when the direction bridge is balanced. 
The angle between the velocity vector and the probe reference line was 
determined in a small wind tunnel by rotating the probe into the velocity vector 
until its direction bridge was balanced. The error between the probe reference 
line and the velocity vector was the velocity reference angle. The wind tunnel was 
one-dimensional with a 3^x 3 | inch cross section. The probe direction was the 
angle between the probe reference line and the wind tunnel wall, measured in the 
horizontal plane. 
The results of the velocity reference angle calibration are presented in 
Figure 12 in the text. Table 2 presents a sample of the calibration data. 
To assure accurate transfer of the probe reference line when taking data 
in the vortex generator, a reference pointer was mounted on the shaft of the probe. 
It was aligned using parallel blocks on a flat surface. 
Velocity Magnitude 
To calibrate the velocity versus shunt voltage and ambient temperature, a 
three foot radius, variable speed, horizontally rotating arm, shown in Figures 8 
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and 55, was built. 
Figure 55. Probe Velocity Calibration Mounting. 
The probe was mounted on the rotating arm pointing inward 2. 8 degrees 
from the tangent in order to have the velocity direction at the "V'coincident with 
the probe reference angle during calibration. The probe was calibrated at several 
velocities and ambient temperatures. Tabie 3 shows a sample of the recorded data. 
The final results are presented in the text. 
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Table 2. Sample Hot Wire Velocity Direction Calibration 
Run Using Small Wind Tunnel 
(Run 55, September 29, 1971) 
Data 





























0 + 0 . 7 0 4 . 18 
J. + 3 . 0 
+ 5 . 5 
+ 10 .9 




- 8 .5 
+ 5 . 0 
+ 10 .0 
+ 2 0 . 0 
+ 3 0 . 0 
0 
- 5 . 0 
- 1 0 . 0 
- 2 0 . 0 
i i 
\f - 1 4 . 5 - 3 0 . 0 \ 1 
50 + 0 .9 0 4 . 18 
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Table 3. Sample Hot Wire Velocity Magnitude Calibration 
Run on Rotating Arm. 
(Run 44, September 9, 1971) 
_ _ 
Data Mtr . Arm Sec. V E r 
P t . Set Cyc. (ft/sec) (volts) ( °F ) 
1 0 0 0 0.2615 85.0 
2 16 -
3 20 3.00 34.8 1.62 
52 .1 3.62 
48 .3 5.86 
56.0 8.41 







4 30 10.00 
5 40 15.0 
6 50 25.0 
7 60 35.0 
8 70 50.0 
9 60 40.0 
10 50 30.0 
11 40 20.0 
12 30 10.0 
13 20 5.0 















DATA REDUCTION DETAILS 
This appendix is composed of the calculations, including the digital computer 
program, used to reduce the measured data to velocity profiles and surface shear 
stress, the plotted velocity profiles of the tests not presented in the text, and the 
plotted free stream velocities and boundary layer thicknesses of the tests not pre-
sented in the text. 
Data Reduction Programs 
The vortex generator data reduction programs consist of three programs 
and several supporting subroutines. The principal program, called the Vortex 
Generator Data Reduction Program, reduces the input recorded data to surface 
shear stresses and velocity profiles and outputs the results into semi-permanent 
computer storage. The second program, called the Write Program, reads the 
reduced data from storage and prints it at either a remote terminal or at a batch 
printer which prints large volumes of printed output faster than the remote termi-
nal. The third program, called the Plot Program, reads the reduced data from 
storage and makes specified plots of the velocity profiles at the Mechanical 
Engineering Department's remote plotting terminal. The programs are written in 
Fortran V and are run on the Univac 1108 computer. The program calculations 
and program listing with sample output follow. 
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Vortex Generator Data Reduction Program Operations 
From the input measured data for each test, namely, 
3> - the probe reference angle, 
r - the radius at the probe shaft location, 
z - the probe "V" height, 
<£.(r , z) - the indicated velocity direction, 
V (r , z) - the indicated hot wire shunt voltage, 
S _L 
T (r , z ) - the ambient temperature, and 
Ap - the Preston tube pressure differential, 
the following significant data are calculated, 
3>(r ,z) - the velocity direction, 
V(r , z) - the velocity magnitude, 
v (r ,z) - the radial velocity (+inward), 
v (r ,z) - the tangential velocity (+clockwise) , and 
r (r J - the surface shear stress. 
w 1 
This task is performed in three subroutines called 
1) Subroutine VPDR which calculates the velocity magnitude, direction, and com-
ponents at the true radius with respect to the vortex center, 
2) Subroutine PTAU which calculates the surface shear stress magnitude using 
the Preston tube pressure difference, and 
3) Subroutine VTAU which calculates the surface shear stress magnitude and 
direction using the velocity magnitude and direction profiles. 
These program units are discussed next. 
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C E N T E R 
VORTEX 
F L O W 
C E M T E R 
Figure 56. Geometry in Data Reduction for Probe Position 
with Respect to the True Vortex Axis. 
126 
The input data first goes into Subroutine VPDR to calculate V(r , z), 
^J 
$(r , z ) , v (r , z), v (r , z ) , and r where r is the t rue radius with respec t to 
£ r Ci t 2 2 2 
the vortex center The following calculations a re performed. 
1) The position and velocity direction are calculated, including correct ions for 
the probe "UM bend in the shaft and for a vortex flow center different from 
the reference vortex generator center . The equations for the calculations, 
refer to Figure 56, a re 
x . - -b 
2 , 2 
r - b 
(C-l) 
(C-2) 
x„ = -b + L sin(3> - $ ) 
2 i o 
(C-3) 
y 2 = Y l + L C ° S ^ ~ ®d ' 
r2 = V(X2 + Xc> + (y2 + y c ) 
0L2 = tan 
- 1 ~VXc 
y 2 " y c 





2) The velocity magnitude is calculated using the equation derived from the 
calibration, refer to Figure 11, 
E = E 
T-80 
T -80 0.61 
/ w 











The volocity components a r e calculated from 




v = V cos $ . (C - l l ) 
When the calculations a re re turned to the main program, the velocit ies a re r e c a l -
culated at the reference radius , r , by interpolation from the set of velocities at 
r re turned by Subroutine VPDR. 
The Subroutine PTAU calculates the surface shear s t r e s s magnitude, r (r ), 
using the Pres ton tube p res su re difference, A p. The equations used come from 
Pa tePs calibration (17). 







for 0 < x < 2.9 , 
5k >k 
y = | X + 0.037 (C-13) 
for 2.9 < x < 5.6 
* * *2 
y = 0.8287 - 0. 1381 x + 0.1437 x 




and for 5. 6 < x < 7. 6 
* * 
x - y + 2 1og1 ( )(1.95y + 4 . 1 0 ) . (C-15) 
The last equation is solved using a Newton-Ralphson i terat ive technique. 
Then, 
\ = *J- faho y*l • (C-16) 
d 
The Subroutine VTAU calculates the surface shear s t r e s s magnitude and 
direction using the velocity magnitude and direction profiles. 
1) The surface shear s t r e s s i s 




The velocity slope i s calculated by insert ing V(z=0) = 0 in the velocity profile 
and fitting a third order least squares curve through the bottom five points of 
the velocity profile. Thus 
4 i -1 
V(z) = E a z , (C-18) 
i -1 1 
and 
dV 
S Z | =
a 2 • (C"19> 
1 z=0 
2) The surface shear s t r e s s direction i s calculated by fitting a second order least 




3 . 1 
$(z) = Z a. z1" . (C-20) 
i=l * 
$(0) = a . (C-21) 
Program Listing and Sample Output 
A listing of the entire set of the data reduction programs and a sample of 
the printed output are presented. Later figures show the plotted output. 
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C 
C VORTEX GENERATOR DATA REDUCTION 
C 
DIMENSION C0MT1U8) ,Z(7,39) ,PHi(7»39) ,VS(7,39W 







C READ DATA - CALCULATE VELOCITIES, DIRECTIONS, 
C AND TRUE RADII. 
C 
1 READ(5»1000,END=3000) Ml 
C Nl IS THE NUMBER OF RUNS 
1000 FORMAT (21?) 
READ(5rl0l0) COMT1 
1010 FORMAT (18A4) 
READ(5#1020) AMST,VAN£ 
READ(5»1020) XC*YC 
DO 3 1=1,Nl 
READ(5»1000) N2(I) 
C N2 IS THE NUMBER OF DATA POINTS PER RUN 
READ(5»1020) RUN(I),R1(I),PHI0(I),DP(I) 
1020 FORMAT (5F10.5) 
N3=N2(I) 
DO 3 J=1»N3 
READ(5»1020) (Z(I»J)»PHII(I»J»iVS<IfJ)»TR(I»J)) 
Z(I,J)=Z(I,J)+0.030 
3 CALL VPDR(RKI)»PHlO(I),PHII(IfJ)»VS(I,J),TR(I,J),XC»YC» 
1 V(I»J)#PHI<I»J)»VR(I»J)»VT(IfJ)»R2(I»J)) 
C 
C RADIUS CORRECTION - TO (SET RADIUS CORRECTION, 
C ALL RUNS MUST HAVE THE SAME NO. OF DATA POINTS AT THE 
C SAME HEIGHTS, AND THERE MUST RE 2 RUNS OR MORE ARRANGED 
C IN MONOTONICALLY INCREASING RADII. 
C 
IF(Nl.EQ.l) GO TO 7 
DO 4 1=1,Nl 




DO 6 J=1,N3 
DO 5 1=1,Nl 
K=I 
IF(I.EQ.l) K=2 










GO TO 9 
7 WRITE(fa»2070) 
2070 FORMAT (IX'DATA IS NOT CORRECTED FOR RADIUS') 
DO 8 1=1,Nl 
N3=N2(I) 




C GET MAX VELOCITIES, CALCULATE NONDIMENSIONAL VELOCITIES 
C AND SKIN FRICTION. 
C 
9 DO 12 1=1,Ml 
N3=N2U) 
VR3M=VR3(I,1) 
DO 10 K=2,N3 
10 IF(VR3M,LT.VR3(I,K)) VR3M=VR3<I,K) 









PRTAU(I)=PTAU(DP(I) ,TR(I,, 1)) 
CALL VTAU(D3,D2,DWN3»TRa,l),VETAU(I) iPHIT(D) 
IF(Z(I,1).LE.O.) GO TO t5 
N'3=N3+1 





15"DO 12 J=1,N3 
VRRKI, J>=TRAPHD3,D<+,J)/12. 
QR(I,J)=2*3.14159*60.*VRRI(I,J» 
IFCZtlrU.GT.O.AND.J.GT.l) VRPI11, J-l )=VRRI (I, J) 
12! IFIZIM) .GT.0.AND.J.GT.1) QR(I,J-l)=GR(I,J) 
C 
C OUTPUT OF DATA 
C 
WRITE(3,2000) Nl 
2000 FORMAT (12) 
WRITE<3,2010) COMT1 
2010 FORMAT U8AH) 
WRITE(3,2020) AMST,VANE 
WRITE(3,2020) XC, YC 








2030 FORMAT <<+El2.4» 
WRITE(3,20^0) <WHI(I»J)»V<I»J)»VR(I»J>»VT(I»J)»TR<I»J)» 
1 R2(I»J)»J=lfN3) 
20^0 FORMAT (bE12,4> 
WRITE(3*2030) IVTSfIfJl»VR3tI»J)rVTOV(I»J)»VROV(I»J),J=1»N3) 
13 WRITE(3»2030) (VRR<11J)*VTR(11J)tVRRI11 * J) tQR<I,J)*J=ltN3) 
GO TO 1 





C WRITE PROGRAM FOR VORTEX GENERATOR DATA REDUCTION 
C PROGRAM, READS FROM FILE AND WRiTES AT PRINTER 
C 







C NR - 00 - REMOTE PRINTOUT 
C - 01 - RATCH PRINTOUT 
READ(3»1000) Nl 
1000 FORMAT (12) 
READ(3rl010) COMT1 
1010 FORMAT (18A4) 
R E A D ( 3 , 1 0 2 0 ) AMST,VANE 
READ(3»1020) X C Y C 
DO 1 1 = 1 , N l 
R E A D ( 3 , 1 0 0 0 ) N 2 1 I ) 
N 3 = N 2 ( I ) 
READ(3,1020) RUN(I),R1(I>,PHI0(1),DP(I) 
1020 FORMAT (4E12.1) 
READ(3,1030) PRTAU(I),VETAU(I),PHIT(I) 
1030 FORMAT (4E12.4) 
READ(3,1030) ( Z( 11J)tPHlI(I,J)$VS(I»J),TR(I,J),J=l,N3) 
READ(3,1040) (PHI(IrJ),V<I,J),VR(I,J),VT(X,J),TR(I,J), 
1 R2(I»J)»J=i,N3) 
10U0 FORMAT (6E12.4) 
READ(3,1030) (VT3(I,J)»VR3(I,J)»VT0V(I,J),VR0V(I,J),J=1#N3) 
1 READ(3,1030) (VRR(I,J),VTR(I,J)*VRRl(I»J)tQR(I,J)#J=l,N3) 
C 
DO 3 1=1,Nl 
IF(NR.GT.O) GO TO 2 
WRITE(6,2000) 
2000 FORMAT (lX'ADVANCE TO NEW PAGE# TYPE CRM 
READ(5,1050) CH 
1050 FORMAT (1A6) 
2 N3=N2(I) 
WRITE(6,2010) COMT1 
2010 FORMAT (•1»25X*VORTEX GENERATORV/18AIO 
WRITE(6,20»0) XCYC 
2080 FORMAT (1X/5X'CENTER OF FLOW WRT GENERATOR CENTER1/ 
1 5X»XC = »F5.2,5X*YC = «F5.2) 
WRITE(6,2020) RUN(I),R1(I),PHI0(I) 
2020 FORMAT (1X/9X'RUN NO »F4,0,8X'RADlUS(IN) = »F4.1» 
18X»PHI0(DEG) = »F4,1) 
WRITE(6,2030) DP(I),PRTAU(I),VETAU(I),PHIT(I) 
2030 FORMAT (8X'PREST0N DP(PSI) ='F13.4»tX'PREST TAUW(PSI) = »E10.4/ 
1 SX'VEL PRF TAUWtPSI) = •ElO.i+^X'TAUW ANGLE(DEG) = »E10.4) 
WRITE(6,20U0) (Z(I»J),PHII(I,J)»VS(I#J)#TR(I,J),J=l,N3) 
20^0 FORMAT (1X/HX»HEIGHT'5X'IND ANGLE'3X»SHUNT VLT'3X'ROQM TEMP'/ 
15X'(IN) «9X'(DEG) »6X'<VOLTS)»5XMDEG F) •/(4E12.4) > 
WRITE(6,2050) (2(IfJ),PHI(11J)tV(I * J),VR(I»J),VT(I»J), 
1R2(I»J)»J=1,N3) 
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2050 FORMAT (1X/*»X»HEIGHT • 6X • VEL DIR • 5X « VELOCITY • HX »RAD VEL ' 
15X 'TAN V E L ' b X ' T R U E RAD V 5 X » ( I N ) ' 6 X M D E 6 FROM* i+X» (FT/SEC ) ' 
2 4 X ' ( F T / S E C ) ^ X * ( F T / S E C ) * 6 X f ( I N ) « 7 l 7 X » R A D I N ) V C 6 E 1 2 . U ) ) 
W R I T E ( 6 , 2 0 6 0 ) ( Z ( I » J > » V T i ( I # J ) , V R 3 ( I , J ) , V T O V ( I , J ) r 
1 V R 0 V ( I » J ) , J = 1 , N 3 ) 
2060 FORMAT I1X/5X 'C0RRECTED FOR R A D I U S * / 
1 4 X ' H E I G H T ' 6 X « T A N VEL '5X*RAD V F L » 4 X » V T / V T - I N F * 3 X » V R / V R - M A X • / 
2 1 5 X » ( F T / S E C ) » 4 X » I F T / S E C ) ' / ( 5 E 1 2 . 4 ) ) 
3 W R I T E ( 6 , 2 0 7 0 ) ( Z l I t J ) , V T R < I , J ) , V R R ( I , J ) , V R R I ( I , J ) t 
1 Q R ( I » J ) » J = 1 » N 3 ) 
2070 FORMAT l • 1 • H X ' H E I G H T ' 8 X ' V T * R ' P X » V R * R * 6 X ' I N T VR*R"6X»Q I N V 
i 5 X M I N ) « 7 X » ( S Q F / S m X M S G F / S P 3 X M C U B F ^ / S ) »4X« (CFM) V 




C PLOT PROGRAM FOR VORTEX GENERATOR DATA REDUCTION 
C PROGRAM, RFADS FROM FILE AND PLOTS AT PRINTER 
C 




*QR(7 f20),VTLAB(10)tVRLAB110) ,7LAB(10),VOVLAB(10)tUOULAB(10) 
5>NC(10)#VTRLAB(10)»VRRLAB(10) 
DATA VTLAB/'TAN VEL <FT/SEC>'/> 
1 VRLAB/'RAD VEL (FT/SEC)«/» 
2 ZLAB/'HEIGHT -IN-'A 
3 VOVLAB/»VT/(VT-INF)•/» 
1 UOULAB/'VR/(VR-MAX)V* 
5 VTRLAB/'VT*R (SQ F/S)V» 
b VRRLAB/'VR*R (SQ F/S)*/ 
c 
READ(5»1050) (NC(I),I=l»6) 
C FOR PLOTS DESIREDt INPUT NC = 01 
C FOR PLOTS NOT DESIRED, INPUT NC S 00 
1050 FORMAT (1012) 
READ(3»1000) Nl 
1000 FORMAT 112) 
READ(3»1010) COMT1 
1010 FORMAT (18A4) 
READ(3»1020) AMSDVANE 
READ(3»102D) XC»YC 
DO 1 1 = 1 , N l 
READ(3»1000) N ? ( I ) 
N3=N2(I) 
READ(3»1020) RUN(I),Rl<I),PHIO(I>,DP(I) 
1020 FORMAT (4E12.4) 
READ(3»1030) PRTAU(I)»VETAU<I)*PHIT(I) 
1030 FORMAT (<+E12.<+) 
READ(3r1030) (Z(I»J),PHII(11J)tVS(I * J)»TR(I,J)#J=1»N3) 
READ(3»10U0) (PHI(I»J).V(I,J),VR(I»J),VT(I#J),TR(IfJ), 
1 R2(I»J)tJ=1,N3) 
1040 FORMAT (6E12.4) 
READ(3r1030) (VT3(I»J)»VR3(ItJ)tVTOV(I,J)rVROV(I,J),0=1,N3) 




IF(NC(1).LF.O) GO TO 2 
CALL PLOT(VT3»Z,N1»N2,R1,RUN,0,,0,»0,,0.»0.»0.»2«H»1.2> 
1 VTLABrZLAB) 
2 IF(NC(2),LF.0) GO TO 3 
CALL PLOT(VR3»Z»NlfN2»RlrRUN,0.fO.»0.833»0.,-2,,0.»2.4»1.2» 
1 VRLABrZLAB) 
3 IF(NC(3),LE.O) GO TO t 
CALL PLOT(VTQVfZ»N1,N2rRl>RUN,0,,0.r0.r0.rO.,0.#0.24, 
1 1.2»VOVLABrZLAB) 




5 IF(NC(5).LE.Q) GO TO 6 
CALL PLOT < V T R » Z » N 1 , N 2 » R 1 P R U N » 0 . » 0 . » 0 . » 0 . » 0 . » 0 . » 
1 2.1»1.2>VTRLAB»ZLAP> 
b IF(NC(6).LE.O) 00 TO 7 








C PLOT ROUTINE FOR VELOCITY PROFILES 
C 
C X - X ARRAY, Nl RUNS BY N2 DATA POINTS 
C Y - Y ARRAY 
C RAD,RUN - PADII AND RUNS OF Nl DIMENSION 
C BXFX>BXFY»*YFX#BYFY - BEGINlNP OF X-AXIS AND Y-AXIS 
C XMIN,YMIN - MINIMUM VALUES OF X AND Y AXIS 
C XSCALE»YSCALE - SCALE OF X ANO Y AXIS (UNITS/INCH) 




DATA ISYMU) t ISYM (2) , ISYM( 3) , TSYM («t) , ISYM ( 5) , ISyM (6) , 
llSYMtTJ/'S^'X^' + S'*'' 1 .S'X'r'YV 
WRITE(6r20l0) 
2010 FORMAT UX« ADVANCE TO NE'rf PAGF» TYPE CR») 
READ(5tl000) CH 
1000 FORMAT (1A6) 
DO 2 1=1,Nl 
IF(I.EQ.l) WRITE(6,2000) RUN(19),RUN(20) 
200o FORMAT (25X'SYM RADIUS RUNUOX'MTR SET = »F3»0/ 
1 31X» (IN) »16X'VAN(L(0E6) = »F<+.1> 
2 WRITE(6,20?0) ISYM(I),RAD<I),PUN(I) 





DO 6 1=1,Nl 
N3=N2(I) 
DO 4 J=1,N3 
X2(J)=X(I,J) 
4 Y2(J)=Y(I,J) 




SUBROUTINE VPDR(R1 *PHIO tPH11,VS,TR r XC tYC # V» PHI# 
1 VR»VT,R2) 
VORTEX GENERATOR VELOCITY PROFILE DATA REDUCTION 
DIMENSION C<10> 
DATA C(l)fC(2)»C(3)»CC*)#C(5)»C(6)»C(7)»C(8)/ 
10. t .1831Q63E+0lr •5l35996E-t-01i-.9386128E+01» 
2. 13<+2887E + n2f-.5b32328E+0lr-. 3675746, .5568272 























C CALCULATION OF SKIN FRICTION (Pbl) USING PRESTON TUBE 






















3 IF IN -20 ) 2>2r<+ 
H WRITE(6r2000) 







SUBROUTINE VtAU I Z> V ,PHI tHt T, TAU,PHIP) 
C 
C CALCULATION OF SKIN FRICTION, TAU, (PSD AND DlRECTlONf 














GO TO 5 
3 DO 4 1=1,Nl 
V21I)=VU) 
4 Z2(I)=Z(I) 
























C TRAPIZOIDAL INTEGRATION OF Y OVfcR X. Y AND X 




IF(N.EQ.l) GO TO 2 






MOTOR 21 BLADE 60 UF = 12»70 0 CFM 
CENTER OF FLOW WRT GENERATOR CENTEF 
AC = .Ou YC = .^0 
RUN NO 69. 
PRESTON JP(PS1) = 
VEL PRF TAUWIPSI) 
RADTUS(IN) = 6,0 PHIO(DEG) = 64.U 
.7500-04 PREST TAUW(PSI) = .2499-05 
.6^52-06 TAUW ANGLE(DEG) = .3204+02 
H L I G H T INU ANGLE SHUNT VLT ROOM TEMP 
IIN) (DEG) (VOLTS) (DEG F) 
.0700-01 .6000+02 .353^+00 .7&20+0? 
.7700-01 .6100+02 .3641+00 .7620+0? 
.9700-01 .6100+02 .3720+00 .7620+0? 
.1470+00 .7100+02 .3774+00 .7830+0? 
.<i470 + oa .7200+02 ,3845+00 .7830+0? 
.5470+00 .9000+02 .3374+00 .7830+0? 
.1047+01 .1040+03 .3936+0 0 .7830+0? 
.2047+01 .1050+03 ,3900+00 .7630+0? 
.0047+01 .9900+02 .3901+00 .7630+02 
.4047+01 .9900+02 .3900+00 .7830+0? 
.6047+01 .1000+03 ,3900+00 .7630+0? 
H L I G H T VEL DIR VELOCITY RAD VEL TAN VEL TRUE RAD 
UN) IDEG FROM 
RAD IN) 
(FT/SEC) (FT/SEC) CFT/SEC) (IN) 
.6700-01 .4604+02 ,4117+ul .2858+01 .2964+01 .~6800 + 0l 
.7700-01 .4692+02 .5115+01 .3494+01 .3735+01 .6784+01 
.9760-01 .4692+02 ,6002+01 .4100+01 .4384*01 .6784+01 
.1470+00 .5575+02 .G670+Q1 .3754+01 .5514+01 .6614+01 
.2470+0 0 .5665+02 ,7595+01 .4176+01 .6344+01 .6596+01 
.5470+00 .7317+02 ,7994+ul .2315+01 .7652+01 .6242+01 
.1047+01 .8666+02 .8691+01 .5174+00 .8876+01 .5942+01 
.2047+01 .6765+02 .6363+01 .3424+00 .8356+01 .5920+01 
,3Q47+Q~1 .6177+02 .8363+01 .ll97+0t .8277+01 .6050+01 
.4047+01 .6177+02 ,8363+01 .1197+01 .8277+01 .6050+01 
.6047+01 .6274+02 .6363+01 .1057+01 .8296+01 .6028+01 
CORRECTED FoR RADIUS - --
H L I G H T TAN VEL RAD VEL VT/VT-IN^ VR/VR-MAX 
(FT/SEC) IFT/SEC) 
.6700-01 .3043+01 .3175+01 .3656+00 .6727+00 
.7700-01 .4110+01 .4020+01 .4939+0 0 .8518+00 
.9700-01 .4886+01 .4719+01 ,5872+00 .1000+01 
.1470+00 .5940+01 .3979+01 ,7139+00 .8432+00 
.2470+00 .6845+01 .4647+01 .8225+00 .9847+00 
.5470+0 0, . 7852+0f .2363+01 " .9436+00 .5008+00 
.1047+01 .8818+01 .5258+0 0 .1060+01 .1114+00 
.2047+01 .6288+01 .3488+00 .9960+00 .7390-01 
.3047+01 .6320+01 .1210+01 .9999+00 .2565+00 
.4047+01 .6323+01 .1207+01 .1000+01 .2557+00 
.6047+01 .6321+01 .1060+01 .1000+01 .2246+00 
nLlGHT 


























fSQ c r /S ) 
. 1 5 8 7 + 0 1 





































Supplementary Velocity Profiles and Related Data 
The velocity profiles, freestream velocities, and boundary layer thicknesses 
were presented in the text for only sample test conditions. The data for the remain-
ing test results are presented here in Figures 57 to 78. 
The velocity profiles were plotted using the Mechanical Engineering Depart-
ment's remote (computer) plotting terminal. 
The velocity profiles are presented first, then the freestream velocities, 
and finally the boundary layer thicknesses. 
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>YM RADI US RUN MTR SET - 15. 
(IN) VANEtDEGJ = 6C.C 
• 6- 3C. 
A 9- 8 1 . 
+ 12. 8 2 . 
* ID- 8 3 . 
@ 18. 8 4 . 






3 * VJVJT 
3>* + 6 
£?* + A 
2n A l • u u T (3> * + A 
@ * + A 
@ * + A 
@* + A « 
A.W' + 
2.CO 4.GC 6< • VJVJ I2> 
TAN VfcJL I IT/SEC) 
Figure 57. Tangential Velocity Profi les 
Vane = 60. 0°, r = 2.6 ft / s e c . 
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Figure 58. Radial Velocity Profi les (Inflow) 
Vane = 60„ 0°, r = 2.6 ft / s e c . 
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Figure 59. Tangential Velocity Profiles 
o , 2 , 
Vane = 60.0 , r = 3.7 ft / s e c . 
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Figure 60. Radial Velocity Profi les (Inflow) 
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Figure 62. Radial Velocity Profi les (Inflow) 
Vane = 67.5°, ' T= 3 .0 ft / s e c . 
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Figure 63. Tangential Velocity Profiles 
Vane = 67.5°,. T- 5.2 ft /sec. 
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Figure 64. Radial Velocity Profi les (Inflow) 
V a n e - 67 .5° , T = 5 . 2 f t 2 / s e c . 
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Figure 65. Tangential Velocity Profiles 
Vane = 67.5 . r = 6.3 ft / sec . 
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Figure 66. Radial Velocity Profiles (Inflow) 
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Figure 67. Tangential Velocity Profiles 
Vane = 75 .0° , T = 4.2 ft / s e c . 
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Figure 68. Radial Velocity Profi les (Inflow) 
Vane = 75. 0°, r = 4 .2 ft / s e c . 
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Figure 69. Tangential Velocity Profi les 
o 2 , 
Vane = 75.0 ,. T = 6.5 ft / s e c . 
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Figure 70. Radial Velocity Profi les (Inflow) 
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Figure 71 . Tangential Velocity Profi les 
O 
Vane = 75. 0°,. r = 7.8 ft / s e c . 
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Figure 72. Radial Velocity Profi les (Inflow) 
o 2 , 
Vane = 7 5 . 0 , T = 7.8 ft / s e c . 
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Figure 73. F r e e s t r e a m Tangential Velocity 
Vane = 67 0 5 Deg, 
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Figure 74„ Freestream Tangential Velocity 
Vane = 75 0 0 Degu 
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Figure 75. Free stream Radial Velocity 
Vane = 67.5 Deg. 
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Figure 76. F r e e s t r e a m Radial Velocity 
Vane = 75.0 Deg. 
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Figure 77. Radial and Tangential Velocity Boundary Layer Thickness 
Vane ==67.5 Deg. 
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Figure 78. Radial and Tangential Velocity Boundary Layer Thickness 
Vane = 75o0Deg. 
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APPENDIX D 
MOMENTUM INTEGRAL EQUATIONS DERIVATION 
AND SUPPORTING ANALYSIS 
The momentum integral equations provide a mathematical description of 
the boundary layer . This appendix presents their derivation from the Navier-
Stokes momentum equations. It also contains the supplementary details of the 
analysis of these equations presented in Chapter m . 
Derivation of Momentum Integral Equations 
Nomenclature 
For the derivation of the momentum integral equations the following nom-
enclature i s u s e d . 
u - Radial velocity. 
v - Tangential velocity. 
w - Vertical velocity. 
U - F ree s t r eam radial velocity. 
V - F r e e s t r e a m tangential velocity. 
Radial Momentum Integral Equation 
The Navier-Stokes radial momentum equation (21) for axisymmetr ic flow, 
d r S w ~| 
neglecting the shear t e r m 2\i — i —— since it i s small compared to the other 
shear t e r m s , is 
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2 * ^r 
ou du v 1 Sp 1 r z ,-r* ix 
rr- + w — = r ^ + - — . (D-1) 
d r d z r p d r p o z 
Outside the boundary layer 
u = U , (D-2) 
v = V , (D-3) 
d_U _ ^ = _ 1 | B 
dr r p dr 
Recognizing that the vert ical p re s su re gradient is of the order pg and 
negligibly small through the boundary layer , and substituting equation (D-4) into 
equation (D-l) gives 
d u . 3u 2 T T d I J TT 2 r T r z ru —- + rw —- - v = rU v + — . (D-5) 
dr dz dr p oz 
Using the continuity equation 
d , t d(ru) du 
— (ruw) = - -*—^ + r w - , (D-6) 
d z Br 3z x ' 
equation (D-5) becomes 
d 2 d 2 
(ru ) + - (ruw) + V 








Integrating equation (D-7) over constant height, h, gives 
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a . 2 
J L dr 
o 
, 2 TT d U l , yn p d(rw) . 
ru ) - r U 7 dz + u(h) - * — L dz 









Applying Leibnitz 's Rule, with — - = 0, to equation (D-8) gives 
h h h 
(ru ) dz - rU — dz - u(h) — (ru) dz 
dr . dr dr J 
o 
0 h 
2 r /v 
+ v i ! l - ' -
h 
J L Vv o 
dz = — r 
p r z 
(D-9) 
Since, 
h h h 
7 - { u ( h ) f ( r u ) d z j - u(h) ~ - I rudz + -
dr dr J dr 
rudz , (D-10) 





r - ^JJ udu(h) 









Letting h -» oo, u (h) -> U, and T (h) -• 0» equation (D-11) becomes 
r z 
O ° ° JTT CO 
d f T 2 r u /• u \ , 1 dU 
-7— ] rU — ( 1 - - dz [ + r U — 
dr I J U \ U / J d r 
o o 
( * - ! ) 
- Idz 
CD 
V -&)'] dz = - T (0) . p r z (D-12) 
Let: 
CD 
e = 6 
r r 
u. / - u \ 
U l-FJd^6rX1 (D-13) 
co 
* r / u \ 





6 i = 6t 
1 - (2-) 
WJ 
d ? = 6 t ^ 3 (D-15) 
where 7? = z /6 , and £ = z / 6 , 
' r * t 
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Equation (D-12) becomes 
d f 2 •) * dU 2 r 
— J r U e ) + r U 6 ^ - V " 6 = - r ( 0 ) . 
dr I tj r dr 1 p r z 
(D-16) 
Angular Momentum Integral Equation 
The Navier-Stokes angular momentum equation (21) for axisymmetric flow 
i s 
du civ uv 1 rb{Y Tzt) 2 / 1 ^ ( r ^ r t ) Trt 
u — + w — + — = - — - + r - — 
Br dz r p L dz \ r or r 
(D-17) 
Outside the boundary layer 
u = U , 




dz dz = ° (D-20) 
2 B ( n ) r 
JL^-rV^^P -V^+ — d r v ' dr p L r d r r (D-21) 
Since. 
I S , . dv / u du 
- — (ruv) = u — + v r- , 
r 3r dr \ r dr / , (D-22) 
and from the continuity equation 
î y 
dz 





1 a . dw dv 
r- ( ruv) = -v - — + u — 
r c r dz dr 
(D-24) 
Substituting equations (D-21) and (D-24) into equation (D-17) gives 
a , 2 a 2 o 2 3 r 2 S r z t 
(r u v + — (r v w ) - 7 (r UV) + r V ~ (rU) = — 
3z dr x ' d r p dz dr 
(D-25) 
Integrating equation (D-25) over constant height, h, gives 
h ^ h ^ 
2 n _ i» d(rw) f - r (uv - UV)~|dz + r v(h) 
dz 
dz 
rV - (rU) dz = —- T 




Applying LeibnitzTs Rule, with —- = 0, to equation (D-26) gives 
d r r
h 2 d 
— i_ j r ( uv -UV)dz ! - r v ( h ) ™ 
ô 
rudz 








Let h -» oo with v(h) -> V, and r , (h) -• 0, equation (D-27) becomes 
Suv 
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-f - { r 2 UV F (l - 2 L ) dz} - r V f i r U [* (l - ^ 
dr I j \ UV/ J dr i J \ U 
o o 
— T , (0) . 




V = <4) 
and let 
6 - 6 
2 r « 
^ 6 I 
u 7 / r \ 7 
. ^ u ^ (a; 
6 I 
dT7 = ^ l ? - ^ ^ ) 7 X 4 , (D-29) 
and oo 




6 X9 r 2 
(D-30) 
where 77 = — , and C = T" 
Equation (D-28) becomes 
^ - ( r 2 U V 6 J 
d r 2 
d * r 
r V — ( r U 6 ) = •—T . (0) 




There a re four profile pa rame te r s , 6 , 6 , 6 , and 6 , which together with 
r r J. Ĵ 
the free s t r eam velocities and the wall shear s t r e s s , determine the boundary 
layer flow. 
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Alternately, equations (D-16) and (D-31) determine 6 and 6, in t e r m s 
of f rees t ream velocit ies U(r), and V(r), and the universal velocity profile pa ram-
e t e r s , V, \ , \ and X4 in equations (D-13), (D-14), (D-15), and (D-29). The 
initial conditions for the solution are 6 = 0 and 6, = 0 at the plate radius , 
r t 
r = R, where the boundary layer begins. The radial volumetric flow ra te in the 
boundary layer can be obtained by 
1 
Q = 2 r r r U 6 f -rrdn . (D-32) 
r j U 
o 
Supplementary Data of Momentum Integral Analysis 
In this section, in Figures 79 to 84, the values of the charac ter i s t ic pa ram-
* * 
e t e r s , 6 , 6 , 8 , 6 , 6 , and AQ, a re presented for the tes t conditions not covered 
r x r x z 
in Chapter HI. Also, Tables 4 and 5 present the calculation of the radial and tan-
gential momentum integral equations for the analysis in Chapter HI. 
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Figure 79. Radial and Tangential Velocity Displacement Thickness 
Vane = 67.5 Deg. 
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Figure 80. Radial and Tangential Velocity Displacement Thickness 
Vane = 75.0 Deg, 
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Figure 81. Radial Momentum Thickness and 6 
Vane = 67.5 Deg. 
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Figure 82. Radial Momentum Thickness and 6 
Vane = 75. 0 Deg. 
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Figure 83. 6 and Radial Flow Increment 
u 
Vane = 67.5 Deg. 
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Figure 84. 6 and Radial Flow Increment 
Vane = 75.0 Deg, 
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Table 4. Calculated Radial Momentum Integral Equation 
Test: Vane = 6 0 . 0 d e g 
r = 3.7 ft / s e c 
0 © © 
Radius 
d / 2 -v 
dr \ r oo r 
** d v rv 0 r oo r co r : dr 
t 00 1 
(in) 
3 2 
(ft / s e c ) 
J , 2 
(ft / s e c ) 
3 2 
(ft / s e c ) 
6 0.747 0.039 0.762 
9 0.300 0.025 0.551 
12 0.105 0.002 0.320 
15 0.045 -0 .023 0.188 
18 0.010 0.050 0.104 
© 





























Table 4 (Continued) 
Test: Vane = 60,0 deg 
2 
r = 4 .5 ft / s e c 
© © © 
Radius 
d / 2 . \ 
— r v 8 
dr \ r co r / 
* dv 
* r oo 
rv 6 —j 
r oo r dr 
t oo 1 
(in) 
3 2 
(ft / s e c ) ( f t 3 / sec 2 ) ( f t 3 / sec 2 ) 
6 0.927 0.012 0.747 
9 0.350 0.016 0.640 
12 0.165 -0 .015 0.422 
15 0.110 -0 .038 0.276 















®+ © - (D + © © 
3 , 2 , 
(ft / s e c ) 1 Larges t T e r m 
0.249 0.268 
-0 .233 -0 .364 
-0 .243 -0 .575 
-0 .180 -0 .652 
-0 .013 -0 .096 
Table 5. Calculated Tangential Momentum Integral Equation 
Test: Vane - 60. 0 deg 
2 
T = 3.7 ft /sec 




( 2 r v v, 
V r oo t oo \ ) 
r V t 
d f 




(in) (ft / s e c ) (ft /sec ) 
4 2 
(ft / s e c ) 
6 -0 .04 -0 .02 -0 .023 
9 0.02 0.04 -0 .029 
12 1.00 0.92 -0 .034 
15 1.58 1.60 -0 .040 
18 -0 .68 -0 .56 -0 .045 
© 
Radius Balance BF 
© - © - © ® -- |Largest term] 




9 0.009 0.225 
12 0.114 0.114 
15 0.020 0.012 
18 -0.075 -0 .110 
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Table 5 (Continued) 
Test: Vane = 60.0 deg 
2 , 
r = 4.5 ft /sec 




2 * > 
r oo t oo 7 2 / 
d ( 
r v, -7- r v 






p Tw t 
(in) e
4 , 2 
(ft / s e c ) 
4 




(ft / s e c ) 
6 -0 .10 0 -0 .026 
9 0.04 0.06 -0 .035 
12 1.56 1.58 -0 .041 
15 1.71 1.79 -0 .048 
18 -1 .00 - 0 . 9 6 -0.057 
© 
Radius Balance BF 
© - © - © ©^ | Larges t T e r m | 
(in) 
4 2 
(ft / s e c ) 
6 -0 .074 -0 .740 
9 0.015 0.250 
12 0.021 0.013 
15 -0.032 -0.019 
18 0.097 0.097 
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